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Abstract

While recent developments undoubtedly demonstrate the power of deep learning,
we still lack a fundamental understanding of why overparameterized models work
so well in practice. A common explanation attributes this phenomenon to implicit
regularization induced by first-order optimization techniques like SGD. However,
recent work has found that even zeroth-order guess-and-check optimizers very fre-
quently find well generalizing minima. In this work, we mathematically formulate this
heuristic, known as the volume hypothesis. We then fully establish existing research
ideas which, using a tropical geometric perspective, introduce a dual representation of
tully connected feedforward ReLU networks. This abstraction offers a perspective for
studying the volume hypothesis which, to the best of our knowledge, is novel. While
deriving general results remains challenging, we analyze multiple lower-dimensional
examples, some inspired by Telgarsky’s sawtooth construction, which support the vol-
ume hypothesis. In particular, using the tropical geometric framework, we argue that
exponentially complex minima in the loss landscape are unstable, leading learning
algorithms to converge to solutions where the network does not fully utilize its avail-
able expressivity. Our work provides a novel perspective to think about generalization
of deep ReLU networks, and we hope to inspire further theoretical and empirical re-
search to establish more general results. The code for this project can be found at
https://github.com/phnazari/geomgen.


https://github.com/phnazari/geomgen
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Notation

The following table contains a (non-exhaustive) selection of the most frequently used
notation. We provide links to formal definitions for non generic symbols.

Notation  Description

N The set of natural numbers {1,2,3,...}

Ny The set of natural numbers including 0

[m : n] The set {m,m+ 1,...,n} form,n € Ny

\% Multi-dimensional vector

vl Transpose of a vector v

(x,9) Point in R4 withx € R?and y € R

(-, ) Euclidean inner product

Il Norm of a vector or function

|- 2 Euclidean norm

= Bijection

|- | Cardinality of a set

A Matrix

A, 1"th row of matrix A

xt max(0, )

x~ max(0, —x)

N(u,0%)  Gaussian distribution

U(S) Uniform distribution over the set S

H, n’th Harmonic number Y% | 1

f~g The functions f and g are asymptotically equivalent, lim,,_, % =1
= O(f) There exist constants C' > 0 and N € N such that |g(n)| < C|f(n)| for

alln > N
g=0(n) There exist constants c¢;, ¢, > 0and N € N such that ¢, f(n) < g(n) <
caf(n) foralln > N

U Disjoint union

H Sum of a scalar and a set of vectors, Definition [5.1.5

® Tropical addition, Definition 4.1.1]

® Tropical multiplication, Definition

%, Tropical quotient, Definition

S Minkowski sum

fanp Affine map fay(x) = (a,x) +b

pe() The function max(-, t)

N Fully connected ReLU network, see Definition [2.1.7]



Complexity measure for neural network N, for example number of
affine regions or linear pieces in decision boundary

Decision boundary of a binary classification network, Definition[2.1.7]
Depth of neural network

Input dimension for neural network

Width of layer ¢ = 1,. .., L of neural network

Gradient operator

(x,y) lies on the graph of f, Definition[2.2.1]

(x,y) lies above the graph of f, Definition [2.2.1]

Affine hull of X, the smallest affine space containing X

Convex hull of X

Upper convex hull of X, Definition

k-skeleton of U(X), Definition 2.3.4]

Upper convex hull vertices of X, Definition

Affine function f is tangent to the upper convex hull of X, Defini-

tion _ _ ' _
Convex and piecewise affine function

Difference of convex and piecewise affine functions

Set of CPA functions R — R

Set of DCPA functions R? — R

CPA function induced by a set S of dual points, Definition 3.3.]]
Tessellation induced by CPA function F, Definition 3.4.1]

k-skeleton of T (F), Definition 3.4.3]

Tessellation induced by a CPA function Q(S5)

Tessellation induced by the DCPA function Q(P) — Q(N), Defini-

tion
Dual representation of Q(P;) — Q(Ny,) up to layer [, Corollary

Cell in T (F)

Face in Q(5)

Set of paths of dual points, Definition [7.1.6]

Set of paths of d-cells, Definition [7.1.4]

Support of a polyhedral complex X, Definition [2.3.5
Real space, Page

Dual space, Page

Real affine space, Page

Dual affine space, Page

Bijection between © and Affy(d), Lemma3.2.1
Bijection between R and Aff5(d), Lemma3.2.3
Given an index-set I and an indexed set S, S; := {s; ] iel}

Set of implicit equality constraints of a polynomial {Ax > b}, Defi-
nition2.3.7]

Inequality constraints defining a cell o, Remark

Mirror-map, Definition m

vi



Chapter 1

Introduction

Conventional learning theory predicts overparameterized deep neural networks to
overfit the training data. Yet, that effect is not observed in practice [1, 2]. This phe-
nomenon was long attributed to implicit regularization induced by first order op-
timization techniques like SGD, which bias the network towards well-generalizing
minima [3, 4, 5]. However, Chiang et al. [6] show, using a zeroth order optimization
technique, that this implicit regularization is not necessary for finding such minima.
Instead, they argue that the generalization ability depends solely on the structure of
the loss-landscape.

Valle-Pérez et al. [7] heuristically link generalization to the simplicity of a network,
arguing that our physical universe is “simple”, and therefore any training algorithm
should favor simple hypotheses over complex ones in order to accurately capture the
true rule of the universe (i.e., to generalize). In addition to this heuristic argument, it
seems intuitive that a large capacity allows deep models to overfit to noise, leading
to poor generalization error. The tendency of learning algorithms to prefer simple
optima, even when the model could overfit the data, is called “simplicity bias” [2, (8} 9]
10].

More specifically, the maximum number of affine regions of a ReLU networks is
known to grow exponentially in depth and polynomially in width [11},12} 13} 14]. Tel-
garsky [15] further demonstrated the representational benefits of depth by construct-
ing a deep, narrow network that achieves an exponential (in the number of layers)
number of affine regions. This construction enables correct classification of a hand-
crafted dataset that any shallow network that is not very wide fails to classify.

This raises the question: do all networks exhibit an exponential number of affine re-
gions? To answer this question, it is important to note that Telgarsky achieved expo-
nential expressivity through a carefully designed recursive architecture. In practice,
Hanin and Rolnick [16] show that, at initialization, the number of affine regions grows
linearly with the number of neurons along any one-dimensional subspace, and thus
polynomially per volume of input-space [14]. Crucially, they demonstrate that neu-
ral networks, in practice, do not realize the full exponential complexity theoretically
available (further discussed in Section[1.2).
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In this work we propose a new perspective on the simplicity bias, and thus on gen-
eralization capabilities of deep networks, using a geometric argument. Specifically,
we study the “Volume Hypothesis” [6], which states that well generalizing minima
occupy larger volumes (i.e., are more flat) in parameter space than badly generalizing
ones.

Before diving into more details on our contribution, we introduce the volume hypoth-
esis more rigorously. By randomly sampling networks until finding one with 100%
training accuracy, Chiang et al. [6] show (in the setting of binary classification) that
the majority of the resulting networks are simple and generalize well. This leads them
to attribute the simplicity bias solely to the geometry of the loss landscape, indepen-
dent of the first order regularization induced by SGD. They coin their observation the
Volume Hypothesis:

“[...] generalizing minima occupy a much larger volume than poorly gen-
eralizing minima in neural loss functions, and [...] this volume disparity
alone is enough to explain generalization [...]” [6] p.2].

In order to make this argument mathematically more rigorous, assume the network
parameters are drawn ii.d. from a probability distribution, in practice a Gaussian.
Given a dataset D C RY, let E be the event that all training samples are classified
correctly by a network N.

Let furthermore ¢ be a complexity measure for N (e.g., the number of linearly pieces in
the decision boundary of a ReLU classifier or the number of affine regions in a ReLU
regression network).

To study the volume hypothesis, we are interested in the posterior density P(¢c|E =
1) of the complexity given that the network achieves 100% training accuracy. Using
Bayes’ rule, this density can be re-written as

P(E = 1]¢)P(c)
P(E)
~ ]P)(C)XE:L

P(c|E=1) =

In other words, the posterior density of the complexity at a minimum of the loss land-
scape is proportional to the volume of the complexity in parameter space.

In this work, we focus our attention on fully connected, feedforward ReLU networks,
which allows leveraging tropical geometry (Section to derive a dual representa-
tion of the network. This representation enables us to identify the networks with the
upper convex hull of two sets of points (“dual points”, Proposition[5.1.7). As a result,
instead of directly analyzing deep ReLU networks, we can shift our focus to better
understanding upper convex hulls and their complexity (Chapters [I0).

As a complexity measure, we use the number of affine regions in the setting of regres-
sion (as in [11,12} 13,[17]) and the number of linear pieces in the decision boundary in
the setting of classification (as in [18]). Those two quantities can be directly tied to the
dual representation: the number of linear pieces in the decision boundary corresponds
to the number of a specific kind of edge in an upper convex hull (Theorem[6.1.7), and
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the number of linear pieces corresponds to the number of vertices in another upper
convex hull (Theorem [7.0.5).

Abstracting away from ReLU networks to upper convex hulls using the dual repre-
sentation, the distribution of weights and biases induces a distribution of dual points.
However, the distribution of the dual points is generally intractable, as the marginal
distributions of each point are highly interdependent. To address this issue, we focus
on studying a variety of simpler, low-dimensional problems. For instance, in Chapter|§]
we derive the dual representation of Telgarsky’s construction [I5]. In Chapter [9} we
investigate the effect of adding a one-dimensional ReLU layer with Gaussian weights
and biases to an existing deterministic network, using dual representations inspired by
our previous analysis of Telgarsky’s sawtooth network. Here, we show that the prob-
ability of increasing the networks complexity by adding the random layer decreases
as the starting network becomes more complex (Proposition 9.4.3). Additionally, we
show that the expected marginal gain in complexity is expected to decrease (Corol-

lary 9.4.13).

The primary contribution of this work is to provide strong evidence for the volume
hypothesis in simpler, low-dimensional toy settings. To achieve this, we establish
tropical geometry as a new setting to understanding generalization. Additionally, we
rigorously derive duality results, filling gaps in existing proofs and arguments.

Overall, the structure of our work is as follows. In Chapter 2, we begin by provid-
ing fundamental knowledge and relevant definitions, covering topics from standard
neural network theory to polyhedral complexes, probability and statistics. Chapter
introduces affine geometry, which is then linked to tropical geometry in Chapter
In Chapter |5, we establish a duality result between ReLU networks and upper con-
vex hulls, which is then applied in Chapter 6] to characterize the decision boundary
of binary classification networks, and in Chapter [/]to analyze affine regions. In Chap-
ters we apply the previously developed knowledge in a number simpler settings,
providing more evidence for the volume hypothesis.

In summary, our contributions are as follows:

1. we connect the volume hypothesis to tropical geometry, effectively transferring
the problem of investigating ReLU networks to the investigation of upper convex
hulls of points,

2. we fully formalize the relationship between the complexity of ReLU networks
and properties of their dual representations (Chapter [f|and Chapter|[7),

3. we explicitly compute the dual representation of Telgarsky’s [15] sawtooth con-
struction (Chapter|g),

4. we provide evidence for the volume-hypothesis in simplified settings (e.g.,
Chapter [9), demonstrating in a specific case that a network we conjecture to
have exponential complexity (i.e., one that lives in the exponential complexity
regime, see Section is expected to transition to the subexponential complex-
ity regime,



5. we study additional toy examples throughout Chapter

1.1 Perspectives on ReLU Networks

It is well known [11] 13| 14} [16, 19] that any fully connected feedforward network A
with ReLU activations partitions the input space into a collection of affine regions,
i.e., regions within which N behaves as an affine map (see Chapter [5). This property
has motivated various approaches to studying such networks in recent years. In the
special case where the input space is one-dimensional, the affine structure corresponds
to a sequence of breakpoints. Telgarsky used this framework to construct a narrow,
deep network with an exponential number of affine regions (breakpoints) [15].

However, this breakpoint perspective fails when the input space has dimension
greater than one. More recently, such systems have been analyzed from the perspec-
tives of space folds [20, 21, 22] and tropical geometry [12} 18| 23]. The former reveals
patterns of self-similarity in the network and emphasizes the emergence of non-convex
behavior, while the latter, which we adopt in this paper, facilitates the counting of
boundary pieces and affine regions [18] (see Chapter [f|and Chapter [7). It also estab-
lishes a connection between ReLU networks and tropical rational maps (see, for ex-
ample, Proposition[5.1.7), endowing the input space with the structure of a polyhedral
complex that can be further studied (see, for example, Chapters [6|and [7).

1.2 Complexity of ReLU Networks

As mentioned above, we measure the complexity of ReLU networks in two ways.
First, by counting the number of affine regions partitioning input-space. Second, in
the setting of binary classification, by considering the number of linear pieces in the
decision boundary.

Especially the former has been studied in recent years. Montaftr et al. [11], building
upon work by Pascanu et al. [17], show that a ReLU network N': R? — Rt with L
layers, whose width n,; at layer [ satisfies d < n; < w for some w € N, can compute
functions that have Q ((w/d)“~V%w?) affine regions. Using tropical geometry, Zhang
et al. [12] derive the upper bound O (w¥*~) on the maximum number of affine re-
gions (recreating the result of Raghu et al.[13]). Combining these two observations im-
plies that the maximum number of affine regions grows polynomially with the width
w and exponentially with the number of layers L. We refer to the regime in which the
number of affine regions follows these laws as the exponential complexity regime.

However, achieving exponential expressivity typically requires careful network de-
sign. Telgarsky [15] constructs a narrow, deep network with exponentially many affine
regions. We conjecture that the exponential complexity regime requires such careful
constructions, making it unstable and occupy a small volume in parameter-space.

To further quantify the expressive advantage of depth at initialization, Hanin et al. [16]
studied the expected number of affine regions in a ReLU network. They found the

4



complexity to increase linearly in the number of hidden neurons along any one-
dimensional subspace, suggesting that, in practice, networks use much less than their
theoretically maximal available expressivity. In a subsequent study [14], they show
that the expected number of affine regions defined by a deep ReLU network grows
polynomially in the number of hidden neurons, with the exponent equal to the input
dimension. We call the regime in which the number of affine regions follows these
laws the subexponential complexity regime. We conjecture that it is more stable than the
exponential complexity regime, occupying a larger volume in parameter-space. This
stability allows networks to adjust their complexity as needed, helping mitigate over-
titting.

The goal of this work is to use tropical geometry to formalize and provide evidence
for our claim about the stability of the two complexity regimes. By employing count-
ing techniques and studying upper convex hulls, we aim to show that deep ReLU
networks typically do not exploit their theoretically available exponential expressiv-
ity. Specifically, in Chapter [9) we introduce a network that we believe resides in the
exponential complexity regime. Corollary demonstrates that the complexity is
expected to decrease after applying one random layer, suggesting that the network
naturally transitions from the exponential to the subexponential complexity regime.



Chapter 2

Mathematical Background

In this chapter, we introduce key concepts and some background for later parts of this
work. Fix an integer d € N throughout it.

2.1 Neural Networks

This section covers the basics of fully connected feedforward artificial neural net-
works. We begin by defining their structure, followed by a brief discussion on training
and their applications in classification and regression tasks.

2.1.1 Fully Connected Feedforward Networks

A linear, fully connected feedforward network N: RY — R" with L layers can be
thought of as a concatenation of L functions N' = Nj o ... o N, where each N; acts
like NV/;: R™-1 — R™ for some natural numbers ny, ..., n; (with ny = d). Each of the
functions N; consists of n; computational units — its coordinate functions, also called
neurons — which form the i‘th layer of the network. A network is called deep if L > 1
and wide if n; > 1.

In some settings, it may be useful to post-compose N with the identity map, Ny =
idga. This input layer serves the purpose of feeding the data into the network. The last
layer is called the output layer. All other layers are called hidden layers. We will study
them in the following few paragraphs.

Fix i > 1. The j‘th neuron in the i'th layer is assigned a weight w; ; € R"~* and a bias
b;; € R. Given an input x € R"-1, the neuron computes a; ; = (x,w; ;) + b;; € R. The
value qa; ; is called the pre-activation of neuron j in layer «.

To simplify notation, the n; neurons in layer ¢ are typically grouped into a weight-matrix
W, € R™""™-1, which contains w; ; as its j‘th row. Similarly, the biases b; ; are collected
into a bias-vector b; € R™. With this notation, the pre-activation of layer ¢ is given by
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fi f; f3

Figure 2.1: The computational graph of a neural network with L = 3 layers. The
vertical arrays of nodes correspond to the neurons in a layer, with the first (or left-
most) stack resembling the input to the network. The consecutive layers N1, N, N3
propagate the input x forward through the network, ultimately producing the output

Yy ‘= as.

Given that the neural network is the concatenation of the layer functions \;, the re-
cursive definition of the network is

ag ‘=X (2.2)
a1 = fiy1(a) = Wia; +biyq, i=0,...,L—1, (2.3)

where x is the input and y := a;, the output or prediction of the neural network. Equa-
tion (2.3) explains how one can think of x as propagating forward through the net-
work. This process is called the forward pass.

Networks of the form given in Equation (2.3) are composed of affine maps and are
therefore themselves affine. To enhance their expressivity and expand the class of
functions they can model, nonlinearities are typically introduced at every layer. The
following definition summarizes the constructions discussed so far.

Definition 2.1.1 (Fully Connected Feedforward Networks). A fully connected feedfor-
ward network N: R — R"~ takes as an input a vector x € R? and returns an output
y = ay. It is defined inductively by

ap — X
A1 = Pty (Wl+1al + bl+1) ’ 0= ]-7 BRI L— ]-7

where W;;; € R™"+™ and byy; € R™+! are the weight matrix and bias vector at layer
l + 1. Furthermore, p;,,, (x) = max(x,t,_1) is the activation function at layer [ + 1 with
threshold t; € R U {—oo0}. The number L is called the depth of the network, while n; is
the width of layer [. The network is deep if L > 1.

Typical nonlinearities at layer [ are of the form

pr,: R— R

x — max(z,t),

where t; € RU{—o0} is the threshold, and applied element-wise. There are two specific
cases relevant to this work:



1. po(z) = max(z,0) is the ReLU (“rectified linear unit”)
2. p_oo(z) = z is the identity.

Definition 2.1.2 (ReLU Newtorks). A network in the sense of Definition with
ReLU activations (and potentially a linear activation at the last layer) is called a ReLU
network.

A more comprehensive comparison of different activation functions used in deep
learning can be found in [24].

Remark 2.1.3. In this work, we occasionally think of the activations a; at layer [ as a
function of the input x € R, i.e., a;: RY — R™.

It is well known [11) 13} 14 (16} 19] that a ReLU network A partitions the input space
into regions on which N is affine:

Definition 2.1.4 (Affine Regions). Let /' be a ReLU network in the sense of Defini-
tion An affine region defined by A is a maximal connected subset C C R? such
that \V restricts to an affine region on C.

Alternatively, the affine regions can be defined as the connected components of the set
R?\ {x € RYVN is discontinuous at x} [14, Definition 2].

2.1.2 Classification vs. Regression

The fundamental goal of (supervised) machine learning is to learn unknown functions
from samples (z;,y;) of input-output pairs. Whenever y; can take continuous values,
the task is called regression. An example would be inferring the price of a stock from
economic information [25]. Whenever y; can only take discrete values, the task is called
classification, and y; is referred to as the class or label of z;. An example would be
identifying hand-written digits or differentiating images of different objects [26] 27].

While architectures for regression tasks can look as general as the one introduced in
Definition architectures for classification usually require some specifications. In
this work we are specifically interested in the case of binary classification, which is the
setting where the labels can only take one of two possible values:

Definition 2.1.5 (ReLU Binary Classification Network). A binary classification network is
a neural network in the sense of Definition where the last layer has width n;, =1
and is linear (i.e., has threshold t;, = —oc). Throughout this work, we furthermore
assume that ¢, = 0 for [ < L and thus speak of a ReLU (binary) classification network.

The output of a binary classification network is interpreted as a vote for the class label:

Definition 2.1.6. A scoring function takes the output returned by a binary classification
network and classifies the corresponding sample. In our setting, it will take the form

s: R—{-1,1}
g — sign(y).
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A binary classification network, together with a scoring function, partitions the input-
space into disjoint subsets, each labeled as positive or negative. The boundaries sepa-
rating positively and negatively labeled subsets are collectively referred to as the deci-
sion boundary (see Figure for an example):

Definition 2.1.7. Let \ be a ReLU binary classification network in the sense of Defini-
tion Then the decision boundary of N is the set

B = N"0). (2.4)

2.1.3 Training Neural Networks

The power of artificial neural networks lies in their numerous degrees of freedom and
their ability to adjust them in a data-dependent manner. This is achieved by defining
a loss function L over a training set (x;,y;)icr of samples, which the network aims to
minimize. In the setting of regression, for example, this loss might measure how good
a prediction a;, describes a true output y using the mean squared error:

1
L=) mHaL(Xz') —vill5.

el

A common method for automatically adjusting the network parameters to minimize
the loss L is gradient descent, which iteratively updates the networks parameters like

00— aV,L, (2.5)

where a > 0 is the learning rate. Intuitively, gradient descent adjusts the current esti-
mate of the network parameters by iteratively moving down the loss landscape in the
direction of steepest descent. Since it uses the gradient of the loss to guide updates,
gradient descent is also called a first order optimization technique.

Since the true gradient of the loss function is typically not accessible, it must be esti-
mated empirically using the training data. This leads to a training algorithm called
stochastic gradient descent (SGD). Note that, in practice, refined versions of SGD are
commonly used, such as the ADAM optimizer [28].

In this work, we also examine an optimization algorithm called Guess & Check
(G&C) [6]. This optimizer operates without gradients and thus falls in the category
of zero'th order optimization techniques. It works by randomly sampling parameter
vectors until it finds one that minimizes the training error (see Algorithm [T). While
this algorithm is not commonly used in practice, it serves as a way to study the struc-
ture of the loss landscape, as discussed in Chapter

2.2 On Sets, Functions and (In)Dependence

In this section, we present a number of useful definitions and basic mathematical state-
ments.

We start with a number of definitions regarding the relative position of objects in R4+,
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Algorithm 1 Guess and Check Algorithm for Sampling Parameters . Returns the first
set of parameters achieving training loss below a tolerance ¢.

1: Input: Hyperparameter ¢ defining the algorithms tolerance
2: Initialize: £ <+ oo

3: while £ > ¢ do

4:  Uniformly sample a random parameter vector 6

5:  Compute the training error £(6)
6: if £(0) < ¢ then

7: Return 6

8: endif

9: end while

Definition 2.2.1 (Point-Function). Let N': R? — R be a function and (x,y) € R¢"! be a
point.

i) We write (x,y) € f if (x,y) lies in the graph of f,i.e., y = f(x).

ii) We say that (x, y) lies above f if y > f(x). In this case, we write x > f. If (x, y) lies
aboveoron f,ie. y > f(x), we write x > f. Similarly, we write x < f if (x,y) lies
below f and x < f if (x,y) lies below or on f.

Definition 2.2.2 (Set-Function). Given a function ': R? — R and a set X C R4*!, we
write f > X if f > x for all x € X. We analogously define f > X, f < X and f < X.

Definition 2.2.3 (Set-Point). Given a point (x,y) € R%"! and a subset U C R%*!, we say
that (x, y) lies below U if y < u for all (x,u) € U.

Next, we provide a number of statements regarding linear- and affine independence.

Definition 2.2.4 (Affine Independence). A finite set {x;,...,x,} C R? is affinely in-
dependent if there does not exist a set of scalars {a1,...,a,} C R, not all zero, such

that . .
Z o;r; = 0 and ZO&Z‘ = 0.
i=1 =1

The following lemma establishes a well-known close relationship between linear and
affine independence:

Lemma 2.2.5. A finite set {xy,...,x,} C R% is affinely independent if and only if the set
{x2 — X1,...,X, — X1} is linearly independent.

Proof. “=": Letx,...,x, be affinely independent and o, ..., a, € Rs.t.

ZO@(XZ' — Xl) =0.
i=2
Then, after defining

n
aq = — E ay,
1=2

10



it holds that . .
ZO&Z'XZ‘ =0 and ZOZZ' = 0.
i=1 i=1
By affine independence of x, . .., x,, this implies that
Cki:() VZ:L,??,

This shows the first implication.

“«<" Assume that (x; — X1 );—2,_, are linearly independent and that

-----

i X, = 0 with i Q; = 0.
=1 =1

Then
i=1
= Z@le + ZOQ'(XZ —X1)
i=1 i=2
= Z ai(x; — 1)
i=2
It follows from linear independence of the differences that o; = 0 forall: = 2,...,n
and thus also for i = 1. This concludes the proof. O

The relationship between linear and affine independence can be used to determine the
affine dimension of a convex hull. However, before proceeding, we first need to define
the dimension of a set:

Definition 2.2.6 (Affine Dimension of a Set). Let X C R Then the affine hull of X
is the smallest affine subspace of R? containing X. We denote it by affhul(X). We
furthermore define the dimension of X as the dimension of its affine hull,

dim X := dim affhul(X).

Here, the dimension of an affine space is the cardinality of a maximal affinely inde-
pendent set generating it.

Lemma 2.2.7. Let S = {xy,...,x,} € RY be as set of points. Then the convex hull of S has
dimension
dim C(S) = dim span (Xi — X ‘ 2<1< n) )

Proof. Follows from the observation that the smallest affine subspace containing S is
the same as the smallest affine subspace containing C(S) and Lemma O

The last statement of this section generalizes the statement of Lemma to sums of
sets:
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Lemma 2.2.8. Let A = {ai,...,a,}, B = {by,...,b,,} C R? be two finite sets of points.
Then the set C = {a + bla € Ab € B is affinely independent if and only if the set

{ag —ay,...,a, —a;, by —by,..., b, — by} is linearly independent.
Proof. For ease of notation, we introduce the short hand notation [n] = {1,...,n} for
some n € N. “=" Assume (' is affinely independent and let a»,...,,, € R and

Ba, ..., Bm C R be scalars s.t.

m

Zozi(ai — 3.1) + Zﬁj(b] — bl) =0.

=2

After defining
a1 = — Z a;
i=2
61 = — Z /Bma
=2

this statement can be rephrased as

Z @;a; + Z Bib; =0 (2.6)
i=1 j=1
with
> ;=0 2.7)
i=1
and
> Bi=0. (2.8)
j=1
Next, we define the scalars v; ; e Rfor1 <i<n,1<j <mas
(%) B
Then, by Equations (2.7)-(2.8),
> =B (2.9)
i=1
> i =i (2.10)
j=1

'We will later recognize this sum as the Minkowski sum of A and B

12



Consequently, Equation (2.6) can be re-written as
Z 'ym(ai + b]) =0
i,j€[n]x[m]

with

Z Yig =0

i,j€[n]x[m]
(the latter equality follows from Equations (2.7)-(2.8)).

By assumption, C'is affinely independent and we conclude that v;; = 0 for all 7, j €
[n] x [m]. It follows from Equations (2.9)-(2.10) that o; = 0and 5; = 0forall 1 <i <mn,
1 < j < m. This shows one direction.

“«<": Assume the set {a; —ay,...,a,—a;,by—by,...,by—b,,} is linearly independent
and let 7; ; € R be scalars for all 7, j € [n] x [m] s.t.

>, mgla+b)=0 and Y ;=0 (2.11)

i,j€[n]x[m] i,j€[n]x[m]

Define
@ = Z Vi
j=1
B = Z Vi
i=1
Then Equation (2.11)) can be re-written as

i o;a; + i 5jbj =0 and i aiO, Zm: 5]' =0.
=1 j=1 i=1 j=1

Consequently,
Z oa; + Z Bib; = Z a;a) + Z Bib1 + Z a;(a; —ay) + Z Bi(b; —by)
i=1 j=1 i=1 j=1 i=2 j=2
= Z a;(a; —ay) + Z/Bj(bj —by)
=2 Jj=2

=0.
By assumption, we conclude that o; = 0and g; = 0forall2 <i <n,2 < j < m. This

also implies oy = /1 = 0 and thus 7, ; = 0 for all 4, j € [n] x [m]. This shows the other
direction and concludes the proof. O
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2.3 Polyhedral Complexes

In this section, we introduce fundamental concepts related to polyhedral complexes,
which will play a crucial role in later chapters.

Definition 2.3.1 (Polyhedron & Polytope). A polyhedron P is the intersection of finitely
many closed half-spaces in R? and can thus be written as

P={xeR'|Ax < b}
for some A € R™? and b € R™ with m € N. A polytope is a bounded polyhedron.
As the following lemma shows, this is not an empty definition.
Lemma 2.3.2 ([29, Section 2.3]). The convex hull of finitely many vertices is a polytope.
The “boundary” of a polyhedron is made up of faces:

Definition 2.3.3 (Face of a Polyhedron). Let P C R? be a polyhedron. A face of P is a
non-empty subset F' C P s.t.

F=Pn{x|Ax=Db'}, (2.12)

where A’ arises from A and b’ arises from b by deleting rows with the same indices.
In other words, some of the inequalities defining P are satisfied as equalities in F' (see
also Definition 2.3.7). The dimension of a face is the dimension of the smallest affine
subspace containing it. Zero-dimensional faces are called vertices.

Useful for our studies will be a collection of faces called the upper convex hull:

Definition 2.3.4 (Upper Convex Hull). Consider the polytope P formed by the convex
hull C(S) of a finite set of points S C R% An upper face of P is a face whose inner
normal vector (the normal vector pointing inward to P) has negative last coordinate.
We call the union of all upper faces the upper convex hull of S, denoted by U(S). The
union of all k-faces in U/(.5) is denoted by U (S). In the specific case where k = 0, we
write U*(S) == Uy(S) (see Figure3.3|for an example).

This concludes our study of individual polyhedra. A collection of multiple polyhedra
can form a structure known as a polyhedral complex:

Definition 2.3.5 (Polyhedral Complex). A polyhedral complex ¥ is a collection of poly-
hedra satisfying two conditions:

i) if P is a polyhedron contained in ¥, then any face of P is also contained in ¥,

ii) if P and () are both polyhedra contained in ¥, then P N Q is either empty or a face
of both P and Q.

The support of a polyhedral complex ¥ € R? is the union of the points in all of the
polyhedra:
2| == {x € R?|x € P for some polyhedron P € }.

Individual polyhedra inside ¥ are called cells. The dimension of a cell o is the dimension
of the smallest affine subspace containing it. The (d — 1)-dimensional polyhedra are
called facets of ¥.

14



A polyhedral complex consists of skeletons of different dimensionalities:

Definition 2.3.6 (K-Skeleton). The k-skeleton of a polyhedral complex X is the sub-
complex formed by all cells o € ¥ with dimension dim(o) = k.

This concludes our introduction to polyhedral complexes. In the remainder of this
section, we develop a theory for determining the dimension of a polytope, largely
following the approach outlined in [30].

For simplicity, we will use the short-hand notation {Ax > b} = {x } Ax > b}.

Definition 2.3.7 (Implicit Equalities). Given a system of linear inequalities Ax > b
(that is, (a;, x) > b; for all rows a; in A and entries b; in b), an inequality (a;,x) > b; is
an implicit equality if

(a;,x) =b; Vxe{Ax > b}.
We define A_x = b_ to be the system of implicit equalities and A ,x > b to be the
system of remaining inequalities.

Intuitively, the implicit inequalities can be thought of as restricting the polyhedron to a
lower-dimensional subspace. For example, a two-dimensional polyhedron embedded
in three-dimensional space needs to be confined to a two-dimensional affine subspace
by an implicit equality constraint.

The following is an almost trivial helping lemma:

Lemma 2.3.8 ([30, Proposition 8]). Let P = {Ax > b} be a polyhedron such that not all of
the constraints are implicit equality constraints. Then there exists a point x € P such that

A_x=b_
A+X > b+.

In other words, there exists a point in P that does not lie on a face of P.

Proof. Let x € P. If x has the desired properties, we are done. If not, there exists an
inequality constraint which is satisfied with equality by x (that is, x lies on a face of
P). Since this constraint is not part of the equality constraints, there must be exists
an xo € P satisfying the constraint with strict inequality. Pick this x, and repeat the
argument. O

The previous lemma allows identifying the affine hull of a polyhedron:

Lemma 2.3.9 ([30, Lemma 9]). Let P = {Ax > b} be a polyhedron with existing implicit
equality constraints. Then
affhul(P) = {A_x =b_}.

Proof. If all of the constraints are implicit equality constraints, the claim is trivial.
Hence, we may assume that there exist some constraints that are not implicit equality
constraints.

"C": We start by showing that
affhul(P) C {A_x =b_}. (2.13)
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Let x € afthul(P). Then there exists an m € N and xy,...,x,, € P, a3,...,q, € R
satisfying > " | o; = 1 such that
X = Z ;X
=1

This implies that

where we used the fact that P C {A_x = b_}. This shows the first inclusion.

"DO": Next we show that
affhul(P) O {A_x =b_}. (2.14)

Let x satisfy A_x = b_ and pickan x’ € P s.t.
A_x'=b_
A, x' >b,,
which is possible by Lemma

If x € P, we are done. Also if x = x/, then x € P and we are done. Hence, we
may assume that x # x’ and x ¢ P. Let [ be the line-segment from x’ to x, i.e,,
I ={tx+ (1 —t)x'|t € [0,1]}. We claim that

inP|>1, (2.15)

where | - | denotes the cardinality of a set. Since x’ € [ N P, we only need to find one
more point in the intersection (see Figure2.2). Since A_x = b_ and x ¢ P, we know
that

A x*b,.
Additionally using the fact that

A_y=b_ Vyel
A+X, > b+

we conclude there has to exists an x, € [, x, # X/, satisfying

A:XO = b:
Aixo > by

and thus x, € P N . This shows Equation (2.15).
Finally, since x’,xp € Pand x € |,

affhul P D affhul{x,,x'} > x.
This concludes the proof. O
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Figure 2.2: Inspired by Figure 5.5 in [30]. Line segment joining x’ and x.

Proposition 2.3.10 ([30, Corollary 10]). Let P = {Ax > b} be a non-empty polyhedron
with existing implicit equality constraints. Then

dim P =d —rank A_. (2.16)

Proof. By Definition dim P = dim affhul(P). The proposition then follows from
Lemma and the rank-nullity-theorem. O
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Chapter 3

Affine Geometry

In this chapter, we introduce fundamental concepts of affine geometry, covering basic
definitions, the dual representation of affine functions, and their connection to upper
convex hulls. We also explore tessellations induced by maxima over affine functions.

Throughout this chapter, fix an integer d € N.

3.1 Affine and (D)CPA Functions

We begin by introducing fundamental concepts.

Definition 3.1.1 (Affine Functions). Given a vector a € R? and a scalar b € R, we
define the affine function with parameters a and b as

fon: RY = R
x — (a,x) + b,
where (-, -) is the standard Euclidean inner product on R%.

Ultimately, we will be taking maxima over affine maps. To classify such functions, we
introduce the following concept:

Definition 3.1.2 (CPA Functions). We say that a function f: R? — R is CPA if it is
convex and piecewise affine. We denote by CPA(d) that set of CPA functions R? — R.

It turns out that the class of CPA functions coincides with the class of maxima over
affine functions:

Proposition 3.1.3 (Characterizing CPA Functions [18, Proposition 2]). Any function
F: R% — R of the form
F(x) = max{fi(x), -, £}

with affine functions f;: R? — R is CPA. Also every CPA function with a finite number of
affine pieces is of this form.

Later in this work, we will also consider differences of CPA functions:
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(a) (b)

Figure 3.1: Example of the dual representation of an affine map fa,b with a =
(—1/2,-3/4), b = 3/4. Subfigure (b) contains the graph of f,;, € Affx(d) and Sub-
figure (a) contains the parameterizing dual point (a,b) € ©. The map R assign to the
point (a, b) the affine map fa.

Definition 3.1.4 (DCPA Functions). We say that a function f: R? — R is DCPA if it
can be written as the difference of two CPA functions. We denote by DCPA(d) the set
of DCPA function R? — R.

3.2 Affine Dualities

In this section, we mainly follow the construction presented in [18], which allows map-
ping an affine function f: R? — R to a “dual space”. As an outlook, exploring this
transformation will ultimately lead to understanding how ReLU networks can be un-
derstood as DCPA functions.

The graph of an affine function R? — R defines a hyperplane in real space, which we
define as R = R? x R = R%*!. The space of affine functions whose graph lies in R is
called real affine space, denoted by Affx(d).

As mentioned in Definition any affine function f,;, € Affx(d) is characterized
by its parameters (a,b) € R*"!. We refer to the copy of R%™! that parametrizes affine
functions in Affx(d) as the dual space D.

The following lemma is a natural consequence of this construction, as it allows trans-
lating between real affine space and dual space:

Lemma 3.2.1. For any fixed dimension d, there exists a bijection between dual space and real
affine space, given by

R: D = Affn(d)
(X7 y) = fx,y-

An example for R can be found in Figure It has the following properties.

19



Proposition 3.2.2. Let {x;,y;}i—1
true:

n € © be a set of dual points. Then the following are

-----

i) R is a linear operator, i.e., for any set of scalars {c;}i—1..n C R,

R (Z Oéi(Xi,yi)> = ZaiR«XinJi))-

ii) The set of dual points is linearly independent if and only if the corresponding set
{R((xi,v:)) }i=1...n Of affine functions is linearly independent.

iii) The set of dual points is affinely independent if and only if the corresponding set
{R((x:,:)) yi=1,...n Of affine functions is affinely independent.

Proof. i) can be confirmed by an easy calculation. i) follows from ¢) and 4ii) from i)

and Lemma O

Since both R and D are copies of R, it is natural to ask whether we can reverse
their roles in the above construction. The answer to this question is yes. We define
dual affine space Aff5(d) as the space of affine functions with graph in ®. Analogously
to the above construction, these affine functions are parameterized by points in A,
though with a slight caveat:

Lemma 3.2.3. For any fixed dimension d, there exists a bijection between dual affine space and
real space. It is given by

R: Affp(d) = R
fa,b — (—a, b)

Figure[3.2] provides an overview the relationship between R, D, Aff(d) and Affp(d).

Affn(d) —2" 5 &

z}z szz

Figure 3.2: Diagram indicating the relationship between real (affine) and dual (affine)
space.

Note that, compared to R, the function R includes an additional minus and maps in
the opposite direction. This is essential for ensuring that the duality properties in the
following proposition hold:

Proposition 3.2.4 (Duality Properties [18, Proposition 7]). The maps R and R have the
following properties (using notation from Definition :
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1. A dual point ¢ € © lies on the graph of a dual affine function f, ), € Affo(d) if and only
if the graph of the corresponding real affine function R(c) contains the corresponding
real point R(fa1):

c € fap <= Rlfap) € R(c)

2. A dual point ¢ € D lies above the graph of a dual affine function f,), € Affo(d) if and
only if the real point R(fay) lies below the graph of R(c):

c > fap <= R(c) = R(fap)

3.3 CPA Functions as Upper Convex Hulls

In the previous section, we explored a duality that enables us to identify affine maps
with the vector containing their parameters. In this section, we apply these results to
maxima over affine functions, which, by Proposition can be understood as CPA
functions.

In light of the duality results from the previous section, CPA functions correspond to
finite sets of dual points:

Definition 3.3.1. On the set P, (D) of finite subsets of ®, the operator

Q: me(@) — CPA(d)
S Q(S) = maxR(s)

seS

assigns to a set of dual points the associated CPA function

max R(s)(x) = (gﬁxgg(x, a) + b.

We define Q(0) := 0. On a vector of finite sets of dual points, () acts component-wise.
Note that, by Proposition the operator Q does indeed map to CPA(d).

Our next objective is to establish a connection between CPA functions and upper con-
vex hulls. To begin, we first state the following proposition:

Proposition 3.3.2 (Maximality of Upper Convex Hull [18, Proposition 9]). Let S C ©
be a finite set of points. Then for every point w € ® lying below or on U(S) (in the sense

of Definition , the affine function dual to w lies fully below the maximum of the affine
functions whose duals lie in U*(S). That is,

R(w) < max{R(s) | s € U(S)} = QU(S)). (3.1)
If w lies truly below U(S), then even
R(w) < QU*(9)). (3.2)
Proof. The proof follows largely the same structure as [18, Proposition 9], with a few
minor adaptations.
Let (x1,91), - ., (Xn, yn) € D, n > 3, be distinct dual points. We start with the following

two observations:
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Figure 3.3: Example of an upper convex hull. Let S be the union of all displayed
points. The blue points correspond to U/*(S), the black surface is U5 (S). In particular,
Q(9) is uniquely identified by only the blue points.

i) if (x1,y1) lies directly below (x2,y2), i.e., x; = X3 and y; < ¥, then the dual plane
related to (x1,y;) lies below (x2,¥2), i.e., R((x1,41))(X) < R((x2,2))(x) for all
x € R?

ii) if (x,,y,) lies on a face of U(S) spanned by (x1, 1), ..., (Xn—1, Yn—1) € U*(S), then
R<Xn7 yn) S maX{R((Xia yl) | i = 17 RN 1}

Claim ¢) is trivial. For claim i), assume there exist o; € [0,1], >, a; = 1, s.t.

n—1

(Xn, Yn) = Z i (Xi, Yi )

i=1
Then .
R{(%n, 9))(x) = Y R((xi,51))(x)  ¥x € R?
i=1
by linearity of R (see Proposition 3.2.2). In particular,
R (X0, Yn)(x) < max{R((x;,y:))(x) ‘ i=1,...,n—1} VxeR

This shows claim 7).

The proposition then follows from the following observation. Assume that the point
w lies below or on U(S). Let (x1,y:1) be a point directly above w lying on ¢/(S). Then,
by i), R(w) < R((x1,y1)) if w does not lie on U(S) and R(w) < R((x1,y1)) otherwise.
Furthermore, by i), R((x1,y1)) < max{R(s) | s € U*(S5)}. This shows the claim. O

Having established this proposition, the identification of CPA functions with upper
convex hulls is a corollary:

Corollary 3.3.3 (CPAs as Upper Convex Hulls). Every CPA function Q(S) can be uniquely
represented as an upper convex hull in dual space. That is, Q(S) = QU*(S5))
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Proof. Let Q(S) be a CPA function. Then for any x € R?,

Q(9)(x) = max R(s)(x)

seSs

= R R
maxgégég;) (8)(Xs)ég\133<( K (s)(x)}

= QU (9)(x)-

This shows the claim. ]

A visualization of Corollary can be found in Figure

3.4 Tessellations

CPA functions induce a tessellation of R?. It plays an important role in understanding
ReLU networks:

Definition 3.4.1 (Tessellation). Given a CPA function F'(x) := max{ fi(x),..., fu(x)}, a
cell induced by F'is

{x e R| fi(x) = fu(x) > f;(x) foralli,i' € I,j € J},
where [, J are disjoint sets whose union is {1, 2, ..., n}. The set of all cells induced F is
called the tessellation induced by F' and denoted by 7 (F).

Figure contains an example of a tessellation. By a slight abuse of notation, we will
write 7 (.S) for the tessellation induced by the CPA function Q(S5).

The following lemma establishes a connection between tessellations and polyhedral
complexes, which were discussed in Section 2.3}

Lemma 3.4.2. The tessellation induced by a CPA function F forms a polyhedral complex.

Proof. Every cell of F' is a polyhedron since it is defined by a set of linear inequalities.
It is left to show that the following two properties hold (see Definition [2.3.5):

i) any face of an cell is also a cell,
ii) the intersection of two cells is either empty or a face of both cells.

But this follows directly from the definition of the tessellation. Indeed, let o be a cell
defined by two sets I and J, as in Definition Then a face of ¢ is a cell associated
with two sets I’ © I, J' C J obtained by moving indices from J to I (note that, at
a face of o, there are more active equality constraints). This shows ¢). To see that i)
holds, observe that the intersection of two cells, associated with sets I, J and I’,.J/,
respectively, is the cell associated with the sets I N I’, JU J' U (IAI‘) (here, A denotes
the symmetric difference of sets). O
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Figure 3.4: Figure 1 in [12]. Example of a tessellation, induced by the DCPA-function
given in Equation (3.3).

This last lemma tells us that we may think of a tessellation as a polyhedral complex
and the following definition makes sense:

Definition 3.4.3. Let F' be a CPA function. We denote by 7, (F) the k-skeleton of the
tessellation induced by F'. The support of 7;_;(F) is also called an affine (or tropical)
hypersurface.

Example 3.4.4. As an example, Figure 3.4{shows the tessellation induced by P and N.
f:R* =R, (z,y)~ max{l+2x,1+2y,2+2+y,2+1,2+y,2} (3.3)

The blue lines correspond to points on which two affine functions agree and are larger
than the others. They form the 1-skeleton of the tessellation. The intersections of these
lines are the 0-cells. On each of the white convex regions (the 2-cells) f is affine.

Figure also illustrates how the tesselation forms a polyhedral complex: the face
of any polyhedron is again a polyhedron (for example, the faces of the white convex
regions are the 1-cells), and the intersection of any two polyhedra is either empty or
again a face.

So far, we have studied what it means for a CPA function to induce a tessellation of
R?. The following definition clarifies what it means for a DCPA to do so.

Definition 3.4.5. Let ' = Q(P) — Q(N) be a DCPA function. We then define the
tessellation 7 (P, N) induced by F to consist of all non-empty pairwise intersections of
cells induced by P and N, i.e.

T(P,N)={ocnd'|oceT(P), o € T(N)}\0.
As it turns out, 7 (P, N) is closely related to tessellations induced by different CPA
functions:

Definition 3.4.6 (Refinements). Let 7 and F be tessellations of R?. We say that T is a
refinement F if every cell of T is contained in a cell of F. In this case, we write 7 < F.

Lemma 3.4.7. Given two sets of dual points P, N C ®, it holds that
T(PUN) K T(P,N) < T(N).
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Proof. For ease of notation, enumerate N = {ny,...,n,} and P = {p1,...,ps} with

m,k € N.
A cell of T(N) is given by the solution of a system

R(n;) =R(n;) Vi,j el

for some disjoint partition / UJ = {1,...,m}.

A cell of T(P, N) is given by the solution of a system

R(n;) =R(n;) Vi,jel

R(pl/) = R(p]/) Vi/,j/ S I
R(ni) > R(n;) Viel, jeJ
R(pi) > R(py) Vi' eI, j e T

for some disjoint partitions / UJ = {1,...,m} and I'UJ = {1,.

A cell of T(P U N) is given by the solution of a system

(R(n;) =R(n;) Vi,jel
R(ps) = R(py) Vi',j' €T’
R(n;) =R(py) Viel, j el
R(n;)) > R(n;) Viel, jeJ
R(pi) 2 Rlpy) Vi'e l', j e S
R(n;) > R(py) Viel, jeJ

(R(pis) > R(n;) Vi' eI’ jeJ

for some disjoint partitions / LIJ = {1,...,m} and I'UJ =

...

(3.4)
(3.5)

Lk
(3.6)

.

Clearly, any solution to System also solves System and any solution to Sys-

tem also solves System (3.4). This implies the claim.
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Chapter 4

Tropical Geometry

There exists a second perspective on affine geometry, which we introduced in the pre-
vious chapter, called tropical geometry. This chapter aims to lay out the foundational
concepts of this more abstract framework, as it provides an alternative viewpoint on
the constructions presented in the following chapters. It allows us to equip the space of
affine functions (with integer weights and allowing for —oo biases) with the structure
of a semi-ring. Our approach in this chapter largely follows [12] and [29].

A reader solely interested in deriving the dual representation of ReLU networks may
skip this chapter and still understand the subsequent results. However, we believe that
the tropical perspective offers a valuable alternative viewpoint which helps develop a
deeper understanding of the underlying geometry.

4,1 Basic Definitions

Tropical geometry takes place in the tropical semiring:

Definition 4.1.1. The tropical semiring consists of the set T := R U {—oco} together with
the operations @& and ©, where & is called tropical addition and © is called tropical mul-
tiplication. These operations are defined as = @ y := max{z,y} and 2 ® y == x + y for
z,y € R. Furthermore, —oo ® = := z and —co ® x := —oo. The tropical quotient is
definedasx @y =z — v.

Remark 4.1.2. As the name suggests, (T, ®, ®) is a semi-ring. For completeness, we
recall the defining properties below:

i) (R,®) is a monoid under tropical multiplication, i.e., ® is associative and has a
multiplicative identity: 0

ii) (T, ®) is an abelian group except for the existence of a tropical additive inverse, i.e., ®
is associative, commutative and has an additive identity: —oo

iii) tropical multiplication is distributive with respect to tropical addition.

Next, we introduce the notion of tropical exponentiation:
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Definition 4.1.3. Given z € T and a € N, ®¢ is defined as

rT®...0x=a-x xR
¥ =< —o0 z=—-ococoanda > 0.

0 z=—ococand a =0

Similar to the real case, we can define monomials/polynomials over T:

Definition 4.1.4 (Tropical Monomials). A tropical monomial in d variables is an expres-
sion of the form
bo P O ... 0zd™

where b € T and a4, ...,a; € N. Multiindex notation allows writing b ©® 2°* where
o € N%. We denote the space of tropical monomials in d variables by T{x1,..., x4}

Definition 4.1.5 (Tropical Polynomials). A tropical polynomial f is a finite tropical sum
of tropical monomials,
f=b®2°"® ... Db, © 2%

where a; € NYand b; € T forall i = 1,...,7. We will assume that a; # aj for i # j,
i.e., that the polynomial is in some sense reduced maximally. We denote the space of
tropical polynomials in d variables by T[z, . .., z4]

A concept that frequently arises in the context of neural networks is that of a tropical
rationals:

Definition 4.1.6 (Tropical Rationals). A tropical rational is the tropical quotient of two
tropical polynomials f and g:

fog="Ff-g
We will denote the space of tropical rationals in d variables by T(x1, ..., z4).

So far, we have discussed concepts from tropical algebra, where the exponents of trop-
ical polynomials are natural numbers. However, this assumption can be relaxed to
allow for arbitrary real exponents, though at the expense of losing the structure of
tropical algebra. This broader perspective will yield more general results once paral-
lels to ReLU networks are explored in later chapters.

Start by extending Definition naturally to make sense of what it means to raise
an expression to a real-valued tropical power, namely z®* = ax for a € R. This allows
for the following definition:

Definition 4.1.7 (Tropical Simple Signomial). A tropical simple signomial in d variables
is an expression of the form
b P ©... 0z

where b € T and a4, ...,a; € R. In particular, the exponent can be any real number,
as opposed to tropical monomials. Multiindex notation allows writing b ® z®* with
« € R%. We denote the space of tropical simple signomials by Tg{z1,...,z4}.

Analogously to how tropical polynomials are tropical sums of tropical monomials,
tropical signomials are tropical sums of tropical simple signomials:

27



Definition 4.1.8 (Tropical Signomial). A tropical signomial ¢ is a finite tropical sum of
tropical monomials
Oo=b 02" S ... Db, ©

where o; € RYand b; € T foralli = 1, ...,r. We denote the space of tropical signomials
in d variables by Tg[z1, ..., z4].

Finally, we define tropical quotients of tropical signomials:

Definition 4.1.9 (Tropical Rational Signomial). A tropical rational signomial is the tropi-
cal quotient of two tropical signomials ¢ and :

pOY=p—1.

We denote the space of tropical rational signomials in d variables by Tg(z1, ..., z4)

4.2 Relation to Affine Geometry

As mentioned in the introduction to this section, there exists a close relationship be-
tween tropical geometry and affine geometry. In this section, we formalize and estab-
lish this connection.

Affine geometry, as introduced in Chapter 3, does not account for —occ. In order to
establish the aforementioned connection, we begin by restricting tropical signomials
to those with finite coefficients:

Definition 4.2.1. We denote by
TR {1, ..., 2zq} = {b® 2 € Tr{x1,..., 24} |beR}

the space of tropical simple signomials with finite coefficients. Analogously, we denote
by Tir [z, ..., z,4] the space of tropical sums of tropical simple signomials with finite
coefficients and by Tf"(zy, . .., 4) the space of tropical quotients of tropical signomials
with finite coefficients.

It is evident from this definition that, for instance, Ti"{z,, ..., 24} € Tr{z1,..., 24},
since the space on the right hand side also permits coefficients b = —oo. Nevertheless,
this restriction allows making the following identifications between objects from affine
geometry and objects from tropical geometry:

Proposition 4.2.2. The following maps are bijections.
1. Affine functions can be identified with finite-coefficient simple signomials,

Affr(d) = T2y, ... 24}
fa,b e JO) x®

2. CPA functions can be identified with finite-coefficient tropical signomials,

CPA(d) = T2y, ..., 2]
max O] P, .pb, ® %

i=1,..., n
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3. DCPA functions can be identified with finite-coefficient tropical rational signomials,
DCPA(d) = T (zy, ..., 2,)

n m
max fa, b — _max fera — @ b © x0% — @ d; ® 2%,
i=1,...,m
=1

i=1,....,n )
=1

In the remainder of this work, we will use the identifications in Proposition 4.2.2| with-
out always mentioning them specifically. For example, we will treat tropical signomi-
als b ® 22 as affine functions

box%2: R 5 R

X = fap(x).
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Chapter 5

Dual Representation of Neural
Networks

The previous two chapters introduced affine/tropical geometry. We will now apply
this knowledge to establish a connection between fully connected feedforward net-
works and DCPA functions, allowing us to translate the network to dual space.

5.1 Neural Networks and Affine Geometry

This section covers the affine perspective. As described in Section the following
results can directly be translated to the tropical setting.

In order to establish the connection, we first need to develop some more machinery,
beginning with the definition of how to sum two sets:

Definition 5.1.1 (Minkowski Sum). Given two non-empty sets X,Y C R we define
XPY ={x+y|xeXyeY}

to be the Minkowski sum of X and Y. We define X <6 () := X. On vectors of sets of dual

points, we define + to act component-wise.

Next, we list a number of properties of the operator Q from Definition which
assigns to a set of dual points the corresponding CPA function:

Lemma 5.1.2 (Properties of Q [18, Proposition 12]). For any two sets of points X, Y C ©
and every non-negative scalar o > 0, the following are true:

i) Q(XUY) =max{Q(X),Q(Y)}
i) QX DY) = Q(X) +Q(Y)

iii) a-Q = Q(a- X), where the multiplication on the right hand side is the natural multipli-
cation of a set with a real number.

Proof. Follows directly from the definition of Q and a simple computation. O
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Neural networks rely heavily on matrix multiplications. On our mission to translate
them to dual space, we must first establish the concept of matrix multiplication in the
dual setting:

Definition 5.1.3. We define the multiplication of an m x n matrix A with a vector X of
n finite sets of dual points as

= R™ X (Pin(D))" = (Pan(D))™
(A X)— A X

where n

j=1
In the notation above, (Psn (D))" denotes the n-fold Cartesian product of Py, (D) with
itself and $j=1 denotes the Minkowski sum over the sets indexed by {1,...,n}.

The following lemma shows that matrix multiplication and the Q-operator commute:

Lemma 5.1.4 (Matrix Multiplication [18]). Let X € (P (D))" be a vector of finite sets of
dual points and A € R"" a matrix with non-negative entries. Then

AQ(X) = Q(A - X).

Proof. In the setting of this lemma, Q is applied coordinate-wise, and thus we can
understand the multiplication AQ(X) as the matrix-vector multiplication:

[AQ(X)]; = ZAij[Q(X)]j
© i Q(A;X;)

= Q(ﬁ% Ai; X;)
]:
" QA - X))
~ QA X))
In (x) and (+*) we used Lemma [5.1.2)777) and ii), respectively. O

In order to account for biases, we define how to add a scalar to a set of dual points:

Definition 5.1.5. A scalar can be added to a set of dual points by adding the scalar to
the last entry of each point in the set:

H: me(g) xR — me<®>
(X,a) — X Ha,

where X H « is the set
XBa={(xy+a)|xy) e X}
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It turns out that Q is well behaved with respect to H:
Lemma 5.1.6. For any finite set of dual points X C ® and scalar o € R, it holds that

QX)+a=Q(XHa).
Proof. For every z € R?, it holds that

(QX) +a)(z) = Q(X)(z) +a

= f
S favte) e

= max (a,z) +b+a
(a,b)eX

= max (a,z)+Db
(a,b)eXEa

= Q(X Ha)(z).
O]
We are now ready to present the following fundamental proposition that establishes

the connection between ReLU networks and differences of piecewise affine functions:

Proposition 5.1.7 (Dual Representation [18, Proposition 16]). Assume that a neural net-
work in the sense of Definition [2.1.1| can, up to layer | — 1, be written as a DCPA function
a1 = Q(P—1) — Q(N,_1) for some vectors of finite sets of dual points P,_y, N;_y. Then, after
writing W, = W} — W, using matrices W;" and W, with non-negative entries, also the
network up to the l'th layer can be written as a DCPA function

a = 9(F)— ANV)
with

Ni=(W; -P) & (W) Ny)
N Bt, t# -0

(Z), t; = —o0.

= (W S0, ) ) o

Proof. First, note that

Wiai_1 = (W, = W;) (Q(Pi-1) — Q(Ni-1))
= (W Q(P-1) + W Q(Ni-1)) — (W, Q(P-1) + W[ Q(Niy))
2 Q (Wi - By) &(W[ - NiLy) — QW - By) S(W] - Niy))
= Q (W -P_1)D(W; - Ni_y)) — Q(N
where in (x) we used Lemma and Lemma it).

Next, assume first that ¢, # —oo. Using the identity max{z — y,t} = max{z,y +t} —y
and the above reformulation of W,q,_;, we can write, using the definitions of NV; and
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P, claimed in the proposition,
a; = p(WlCLl_l + bl)
=max{Q ((W; - P_1) < (W; - Ni_1)) — Q(N) + by, t;}
() max{Q (((W/ - P_1) <& (W, - N._1)) Bb;) — Q(N,), 1}
= max{Q (((VV;r . Pl—l) <5 (Wl_ . Nl—l)) i bl) Q) + 4} — Q(IV)
"2 Q (Wi Poy) & (Wi - NiLy)) Bby) U (N B 1)) — Q(N))
= Q(R) — Q(Ny).

In (**) we used a vectorized version of Lemma and in (***) we used Lemma[5.1.2]
i) and Lemma

Now, assume t; = —oo. Then

a; = p(Wia;-1 + by)
— max{Q (W} - P) & (W; - NiLy)) — Q(N) + by, —oo}
= Q(((W/ - Pa) b (W, - Niow)) Bby) — Q(N)
= Q(F) — (V).

This concludes the proof. O

The following corollary makes sure Proposition can actually be applied to ReLU
networks by establishing the base case:

Corollary 5.1.8. Every neural network N in the sense of Definition can be written as a
DCPA function

N = Q(P) - Q(N)
for some vectors of dual sets of dual points P, N C ®©. We call (P, N) the dual representation
of N.

Proof. The proof goes by induction on the number of layers L of the network. Cru-
cially, for this proof we introduce an identity-layer Ny: R? — R at the beginning of
the network (which can be thought of as an input-layer, see Section [2.1). This conve-
nient trick simplifies the proof in the following way:

We start the induction with L = 0. In this case, the network just consists of the input-
function Ny = idga, whose i’th coordinate function can be represented as

X; = <X, ei> -+ 0= fO,i(X)

= Q({(e:,0)})(x) = Q(0)(x)
= Q({(e;,0)})(x),

where e; € R? is the i'th unit vector with entries (e;) ; = 0;;. Hence, we can write

No=Q(({(e1,0)},...,{(eq; 0)}))

and may choose P, = ({(e1,0)},...,{(eq,0)}), No = (0). This shows the claim for
L = 0. For the induction step, use Proposition[5.1.7} O
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Remark 5.1.9. Proposition and Corollary are important tools for the rest of
this work. We want to use this remark to highlight their significance. Let N': RY — R
be a ReLU network with L layers.

i) Given the weights of A/, the dual representation provides a symbolic representa-
tion (P, N;) of N up to layer [.

ii) Itis given by two n;-dimensional vectors F;, N; of finite sets of dual points, where
ny is the width of layer [. The dual points are d + 1-dimensional.

iii) As we will see later, this symbolic representation allows counting the number of
affine regions defined by A (see Chapter [/). In the case of binary classification,
it furthermore allows counting the linear pieces in the decision boundary (see
Chapter [6).

iv) After each layer /, the sets of dual points can be replaced by their upper con-
vex hull (see Corollary 3.3.3). In particular, for every i € {1,...,n;}, the set
(P); € ® = R can be replaced by its upper convex hull vertices U*((P,);). The
same holds for (1V;);.

Scattered throughout this work, we employ a running example to highlight the above

points. See Example Example and Example(7.1.12

5.1.1 Positive and Negative Samples

In this subsection, we use the duality result from Proposition to understand
whether a point x € R? is positively or negatively classified by N'= Q(P) — Q(N).

We start with the following lemma:

Lemma 5.1.10. Let A, B C R be finite sets of points. Then the following are true for

x € R%
QAU B)(x) = Q(A)(x) += Q(A)(x) = A(B)(x) 5.1)
QAU B)(x) = Q(B)(x) <= Q(A)(x) < Q(B)(x). (5.2)
Proof. Follows from Lemma 7). O

This lemma allows identifying positively and negatively labeled samples:

Proposition 5.1.11. Let N' = Q(P) — Q(N) be a ReLU binary classification network. Then
the following are true for an input x € R%

Nx) 20 <= QPUN)(x) = Q(P)(x (5.3)
N(x) <0 < Q(PUN)(x) = Q(N)(x). (5.4)
Proof. Follows from Lemma and Lemma O

In words, Proposition |5.1.11|states that positively labeled points are characterized by
the property that the maximum Q(PUN) is attained by Q(P). Similarly, negatively la-
beled points are characterized by the property that the maximum is attained by Q(XV).
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5.1.2 Counting Dual Points

In this section, we use the recursive formulation in Proposition to work towards
a better understanding of the sets inside P and (). Specifically, we are interested in
upper bounding the size of the sets inside P, and NV, at layer {. We start with a basic
definition.

Definition 5.1.12. Given a vector of finite sets of dual points X € Py, (D)", we define
s(X) == max;_;__, |X;| to be the size of the largest set in X.

.....

In the following lemma, we establish some properties of the function s.

Lemma 5.1.13. Let A € R™" be a matrix, b € R a scalar and X € (P, (D)\0)", Y €
(Pan(D)\ 0) * be vectors of finite, non-empty sets of dual points. Then the following are true:

i) Foranyl <i<m,

(A - X)) SH‘Xj"

j=1
In particular,
s(A-X) <s(X)™
i)
X, DY <|X||Y;] VI<i<n, 1<j<k.
iii)
|1 X;Bb =X VI<i<n.

Proof. ii) and iii) are clear. For i) we compute
j=1

i) o
< [J1Asx;l

(A X)| =

]

To better understand the maximal size of the sets in P, and NN;, we first define the
quantity
& = s(P)s(Ny), forl=1,..., L.

The following lemma provides recursive bounds involving &, s(V;) and s(P,):
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Lemma 5.1.14. Foranyl = 2, ..., L, the quantities s(N;) and s(P;) can be upper-bounded in
terms of {1 via

s(N) < & (5.5)
and
2 np—1 t _
s(P) s{ ffjf C Ao (5.6)
1—1 > tk = —0OQ.
Furthermore, & satisfies the recursive relation
2 in‘l, t —00
R 57)
-1 tk = —OQ.

Proof. We start by showing Equation (5.5). Fix ! € {2,..., L}. Then
[(NDil = [(W, - Py )i (W, - Nica )i
EII .
< [(Wi - Bail (W Nica)il

ETI3
< s(Pop)™ts(Nmg )Mt
M
= Gi-1

This shows Equation (5.5).

Similarly, one can show that

S(P_q1)™=1s(Nj—q1)™M=1, g # 00

Oa tl_l = OQ.

S(Pt) < s(Poa)™ (N + {

which shows Equation (5.6). Finally, Equation follows from the other two.. [

Lemma [5.1.14| provides recursive bounds for s(V;) and s(P) involving &;. In order to
derive closed-form bounds for s(N;) and s(P;), we need to unravel these recursions.
This is accomplished in the following proposition:

Proposition 5.1.15. Consider the setting of Proposition with initial definitions of N
and Py as in Corollary Then, if the thresholds t, satisfy t, # —oo for all | < k, the
product &, is upper bounded by

g < QMWEISIIS 2y 1 L. (5.8)

Proof. We prove the claim by induction on k.

First note that Ny = (0) and Py = ({(e1,0)},...,{(eq4,0)}), which immediately implies
that s(Fy) = 1. It follows directly from Proposition Lemma[5.1.13]¢) and the fact
that W P, + 0 = W{ P, that

s(Ny) = s(W{ P)

(Po)*

VAN VAN
—_ = »
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and
S(Pl) S S(Po)d + S(Nl) S 2,

which implies that
51 = S(Pl)S(Nl) S 2. (59)

Thus, the claim holds for k£ = 1. This starts the induction.

Next, assume Equation holds for any layer 1 <[ < k. We show that it also holds
for [ = k. Indeed,

£ < 260
kS (2 o)

—9. 227%—1-&-2?;12 1= 2n;

2ng_q

— o+ T 2ny
This finishes the proof. O

Upper bounds for s(N,) and s(P;) are now a simple Corollary:

Corollary 5.1.16. Consider the setting of Proposition with initial definitions Ny and P,
as in Corollary Then, if the threshold t), # —oo for all k < I, the maximum sizes of N,
and P, are upper bounded by

S(Nl) S oni-1 (1+Z;;§ Hi;? 2nj>

and
s(P) < oltni—1 (L+ i TS 2n)
Proof. Follows directly from Lemma [5.1.14|and Proposition 5.1.15 O

If the network’s output-dimension is n;, = 1 (for example, in the context of Defini-
tion for binary classification), N, and P;, are vectors containing a single set of
dual points each. Thus, we can identify them as sets. The following corollary bounds
their size.

Corollary 5.1.17. Let N': RY — R be a ReLU network with L > 2 layers. Then we can write
N =Q(P) - Q(N)
where P, Q) C D are finite sets of dual points whose size is upper bounded by

L—-2

1P|, |N| < 2ne-r(F2i= TS 2n)

Proof. Since t;, = —oo (i.e., the last layer is linear), Lemma 5.1.14/implies that

[PLINT< &5
The claim then follows from Proposition5.1.15(since ¢, = 0 for all [ < L. O
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In the special case where all layers have the same width, the following holds:

Corollary 5.1.18. Let N': R? — R be network in the sense of Definition with L > 2
layers of widthny = w € Nforalll =1,..., L — 1. Then we can write

N = Q(P) — Q(N)

where P, N C ® are vectors of finite sets of dual points whose size is upper bounded by

~(owy L2 )
S<P)7 S(N> < 2w1 (12—2)11; — 2@w((2w)L 3).

Proof. The bound follows from Corollary [5.1.17|if we can show that

L—2L—2
1 — (2uw)L—2
w<1+ZH2w> :w%.

=2 i=j

Indeed,

w (1 + i l:I 2w> =w (1 + g (Qw)L2j+1>

=2 i=j

The equality (x) follows from inserting the upper and lower summation bounds and
comparing terms. The last two two equalities identify the geometric series and apply
known asymptotic behavior. O

Remark 5.1.19. The following is an outlook and requires results from later on in this
work. The reader may want to either read Chapter[6|and Chapter [7]or just consult the
central results in Corollary and Corollary before reading this remark.

Using these results, we can derive upper bounds on the complexity realizable by a
ReLU network N = Q(P) — Q(N): R? — R with the first L — 1 layers of width w and
the last layer of width 1.

In particular, by Corollary the number of affine regions defined by N is upper
bounded by the cardinality of the set &/*(P <P N) (this bound is tight for random net-

works by Conjecture|7.1.10). By Corollary 5.1.18
U (P N)| < |PHN| < |P|-|N| < 20(@" ), (5.10)
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Comparing this to the bound O(d*(£~Y) for the maximum number of affine regions
defined by a ReLU network with L layers of width w (see Section [1.2), we conclude
that the bound in Equation (5.10) on the number of affine regions is loose.

Similarly, Corollary [5.1.18 together with Corollary provides the loose upper
bound L
2 max(|P|, | N|) < 2+O(w)")

on the number of linear pieces in the decision boundary of .

To understand why these bounds are so loose, note that only the points in the upper
convex hulls of P and N contribute to the CPA functions Q(P) and Q(N) (see Corol-

lary 3.3.3).

This leads to the following conjecture:

Conjecture 5.1.20. By Corollary a ReLU network (P, N.) is already uniquely
characterized by the upper convex hulls of P, and N;. We conjecture that, usually,

u*(P);| < |P| and |U*(N);| < |N;| foralli=1,..., L.

This conjecture is, for example, supported by our analysis of Telgarsky’s sawtooth

function (Proposition and Figure[8.1).

5.2 Neural Networks and Tropical Geometry

In Section we established a relationship between concepts from affine and tropi-
cal geometry. Consequently, the findings from Section [5.1| on relating ReLU networks
to DCPA functions can be re-formulated in the setting of tropical geometry. In this
section, first translate the main duality result in Proposition to the tropical set-
ting, with the goal of gaining deeper insights and becoming more familiar with this
framework.

Similarly to Chapter [} the tropical considerations in this chapter are not needed for
the remainder of this work as all results (except for Corollary[5.2.5) have already been
developed in the affine setting. We nevertheless provide this section for the sake of
completeness and to make the connection to tropical geometry more explicit.

Definition 5.2.1 (Tropical Rational Signomial Map). A tropical rational signomial map is
a function RY — R? for some p > 1 which is a tropical rational signomial in every
coordinate.

The following proposition is the translation of the main duality result. It is a general-
ization of [12}, Proposition 5.1], as it does not require integer-valued weights.

Proposition 5.2.2 (NN as Tropical Signomial Rational Functions). Assume that a neural
network in the sense of Definition can be written up to layer | — 1 as a tropical rational
signomial map a,(x) = Fy(x) @ G(x) for some tropical signomial maps F; and G{} Then,

Here, we think of a; as a function of the network input x

39



after writing W, = W," — W using matrices W;" and W, with non-negative entries, also
the network up to 'th layer can be written as a tropical rational signomial map

a1 = i © Gy,
The tropical signomial maps are given by

G = WL G+ W, |

Frip =max{W/  F; + W_,G, +b,G41 + t}.

Writing fi(l) and gi(l) for the ith coordinate of F} and G, the recurrence takes the form

QZ(HI) _ [6 (f](l)>®wij] o [(g](»l))@w;]

= {[B o [ on o 00

+

where we write (W, );; = w;; and (W, )y = wy;.

Proof. A calculation confirms that the above recursion corresponds to the recursion in
Proposition after identifying

]

The following corollary is the analogue to Corollary which takes place in the
affine setting:

Corollary 5.2.3 (Tropical Characterization of Neural Networks). Every network N in the
sense of Definition can be written as a tropical rational signomial map. That is,

N=FoQG

where F and G are tropical signomial maps.

One can show an even stronger result, namely that we have already found all binary
classification networks in the sense of Definition as tropical rational signomials
R? — R with finite coefficients. The following theorem is a generalization of [12,
Theorem 5.4.i)], since it does not assume integer weights.

Theorem 5.2.4 (Tropical Equivalence). Let N': R? — R be a function. Then N is a tropical
rational signomial with finite coefficients if and only if it is a neural network in the sense of

Definition 2.1.5]
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Proof. The “if follows from Corollary We are left to show the “only if”. In this
proof we identify finite coefficient tropical signomials with CPA functions in the sense

of Proposition

We first claim that every finite-coefficient tropical signomial € b, © 2% €
T2y, . .., x4 with n tropical summands can be written as a ReLU network with n
layers and a final linear layer, i.e.,

@bi@l@ai(x>:pfooofnop()o--'opoofl(x) (511)
i=1

with affine functions f;: R™-1 — R™.
We show Equation (5.11) by induction on n. The base-case follows readily:
blfL’@al (X) = <Oél, X> + b1
= p-oo ({1, %) + b1)
= p-° f1 (X)
where f; = f,, 5. This establishes the base-case.

Assume Equation (5.11) holds for all finite coefficient tropical signomials with less
than n tropical summands. We now show that it also holds for n tropical summands.

Let @), b; ® 2% € T [zy,..., x4 be a finite coefficient tropical signomial n tropical
summands.

By the induction hypothesis we can find two ReLU network representations

p(x) = @ by ® 2% (x)

q(x) = by © 27 (x).

Define y(x) = (p(x),q(x)). Then y can also be expressed by an (n — 1)-layer ReLU
network by extending ¢(x) using linear layers and isolating the subnetworks using
zero-weights:

y(x) :pfooohnflO,OOO--~OpOOh1(X>

for affine functions h;.

Next, note that

@ b; ® 9% (x) = max{p(x), ¢(x)}

= max{p(x) — q(x),0} + q(x)
= Poo [Po(P(X) — q(x)) + po(q(x)) — po(—q(x))]
= P00 © €5 0 Py O Gn(Y(x))
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where e, is the linear function

1
en(x)=11 | x
—1
and g, is the linear function
1 -1
g(x)=10 1 |x
0 -1
We obtain Equation (5.11)) by defining
h, i=1,...,n—2
Ji=gnohi1 i=n-1
en 1=n

It remains to show that we can also express a signomial tropical quotient ¢ © 7 as a
ReLU network where ¢ and v are tropical signomials with n and m tropical summands
respectively. By Equation (5.11)), both ¢ and ¢ can be represented as ReLU networks.
Again, fuse these two representation into a single ReLU network representation of

2(x) = (o(x), ¥(x)).

Next, using the fact that z = 27 — 27, ¢ @ ¢ can be written

(p @) (%) = p-so (po(0(x)) = po(—p(x)) + po(=1(x)) — po(¢(x)))
= P00 © Jn © o © kn(2(x))

where j, is the linear function

1
—1
In (X> 1 X
—1
and £, is the linear function
1 0
-1 0
ki (X) 0 —11%

0 1

Analogously to the proof of Equation (5.11), this gives a ReLU representation of ¢ @
0. 0

Translated to the setting of affine geometry, the result of Theorem result reads:

Corollary 5.2.5. Let N': R? — R be a map. Then N is a DCPA function if and only if it is a
ReLU binary classification network in the sense of Definition [2.1.1}
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(a) Affine regions (b) Decision boundary

Figure 5.1: Figure @) shows the affine regions defined by the network defined in
Equation (5.12). Figure (b) shows its decision boundary. Negatively classified regions
(threshold at 0) are colored red and positively classified regions are colored blue.

Example 5.2.6. In this example, we construct the dual representation of a toy example
in two dimensions. Throughout this work, we will revisit and use this example to
explain various aspect of the duality result.

Specifically, consider the 3 layer network

N:R* %R (5.12)
N(l‘) = ngo (ngo (W1X + bl) + bz) + b3 (513)

where

-1 -1 1 1 2 1
le(l —2)7b1:<_1>7w2:<2 _1)7b2:(2)7W3I(3,_1)7b3:2.

We use Proposition to iteratively construct the dual representation of N, starting
with Py = ({(1,0,0)},{(0,1,0)}) and Ny = (0), as in Corollary

After the first layer, the dual representation of /N, can be computed as

N1:W1P0$W1+N0:<1 1>P0

and thus

[\

(N = <]>1(Wf)1j(Po)j = 1{((1,0,0)} & 1{(0,1,0)} = {(1,1,0)}

(M) = (W1 )ay (o), = 0{((1.0,0))} $2{(0,1,0)} = {(0,2,0)}

Jj=1

which implies

Ny = ({(17 170)} ) {(07270)}) :
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Similarly,

P =W;{P,$W; NyBbyUN, = (g) 8) PyEb UN,
and thus
(P = jémr)uuﬂo)j B (b1 U (M) = 0{((1,0,0)} H0{(0.1,0)} B1U (M)
={(0,0,1),(1,1,0)}
(R = W27 8 5112 (W) = (10,1} S0{(0.1.0)} 81U (0

i—1

I
~ s

(1,0,0),(0,2,0)},

which implies
P = ({(07 0, 1) ) (17 L, 0)} ) {(07 2, 0) ) (1’ 0, _1)}) :

After repeating these steps for layer 2 and 3 (with a slight adaptation for the last linear
layer as in Proposition 5.1.7), one arrives at the following final dual representation of
N = Q(P) — Q(N):
N = {(3,17,4), (2,16, 5), (5,19,2), (3,14, 2), (2, 16,3), (5,19, 0), (6,17, —1), (0,14, 7)}
(5.14)
P ={(2,16,5), (5,19,2), (5,19,5), (11,7, —1), (12,5, —2), (3,14, 4), (6,17, 1), (6,17, 4)}
(5.15)

Here, N = N3 and P := P;. Additionally, note that we have identified the one-
dimensional vectors of sets N3 and P; with their only entry.

By Corollary the CPA functions Q(N) and Q(P) are uniquely identified by the
upper convex hulls of NV and P, i.e.

QN) = QU*(N)), Q(P) = QU"(P)).

This allows restricting our attention to subsets of NV and P. Specifically, the upper
convex hull points can be determine as

U*(N) = {(5,19,2), (3,14, 2), (6,17, —1), (0, 14,7)}
U*(P) = {(2,16,5), (3,14,4), (5,19,5), (12,5, -2)} .

Figure 5.2/ contains a plot of the dual representation of this toy example, as well as the
upper convex hulls.

2We use SciPy to do so, see the code for more details.
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8 12 16

Y
Figure 5.2: Two-dimensional toy-example defined in Equation (5.12). Red points cor-
respond to N, blue points are P. The red polygon is U/(XN), the blue polygon is U(P).

Note that, in theory, both ¢/ (N) and U (P) are polyhedral complexes, i.e., they can con-
sist of multiple facets.
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Chapter 6

Characterizing the Decision Boundary

We saw in Chapter 3| how to identify neural networks as DCPA functions using affine
geometry. In Chapter 4} we translated this result to tropical geometry, where it reads
that every neural network can be written as a tropical rational signomial map.

In this chapter, we use that result to characterize the decision boundary of ReLU binary
classification networks. This will eventually allow counting the linear pieces inside the
decision boundary.

Throughout this chapter, let S C © be a set of dual points whose upper convex hull
has vertices

U(S)=A{s1,...,sn} ={(ar,b1),...,(an, by)}.
Furthermore, given a set of indices I C {1,...,n}, we introduce the short-hand nota-
tion
S[ZZ{Si|i€]}

for the subset of S indexed by 1.

6.1 Identifying Cells and Faces

Towards quantifying the decision boundary complexity, we will establish in Theo-
rem a bijection between the k-cells in 7(S) and the (d — k)-faces in U(S). In
Section we will use this result to translate the decision boundary to dual space,
where its complexity is easier to quantify.

Let 0 € T(S) be a cell in the tessellation induced by S. By Definition and Corol-
lary o is the solution of a system of linear inequalities and equalities:

R(si)(x) = R(si)(x) Vi,i' € IZ 61)
R(si)(x) = R(s;)(x) VielZ, jelf, '
where /7 and /7 form a disjoint partition of {1,2,...,n}. W.l.o.g, this partition can be

chosen in such a way that no index can be moved from /7 to /2 without altering the
solution space.
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Using the definition that R(s;)(x) = (a;,x) + b; for all s; € S, System (6.1) can be
re-written as a system of linear inequalities:

Definition 6.1.1 (Cells as System of Linear Inequalities). Any cell ¢ € 7(S5) can be
written as a system of linear inequalities and equalities o = {AZx = bZ }N{A7x > b7}
in the following way.

Fix a dual point s;, € S;-. The matrix A2 € RI*Zl4 containing the equality constraints
has as its rows the vectors (a;, — a;[i € I2) and the corresponding vector b2 € RIZ|
has entries (b; — by, |i € I7) (in the same order).

Similarly, the matrix A7 € RI#!¢ containing the inequality constraints has as its rows
the vectors (a;, — a;i € I7) and the corresponding vector b7 € RI%! has entries (b; —
ka |Z el 3_)

Remark 6.1.2. The joint system of linear equalities and linear inequalities in Defini-
tion can be translated to a system of just inequalities

o={A’%x>b’} = {A%x = b7} N {A7x > b7}

by re-writing every equality as two inequalities. The resulting matrix A7 € R2/=d
contains the rows of AZ, as well as their negatives, and the rows of A. The vector
b € R%Zl can be constructed analogously.

Using this representation of o as a system of linear inequalities, the following propo-
sition describes the dimension of o:

Proposition 6.1.3. Let S C D be a finite set of dual points and o € T(S) be a cell in the
tessellation induced by S. Then

dimo = d —rank AZ. (6.2)

Proof. This follows directly from Lemma2.3.10jand since AZ contains all of the implicit
equality constraints by construction of /Z and /7. O

As a next step, we aim to understand how the cell o looks in dual space. We start with
the following proposition:

Proposition 6.1.4. Let o € T(S) be a cell. Then the convex hull C(S;2) is a face in U(S) of
dimension
dimC(Sr-) = rank A7. (6.3)

Proof. We first show that C(S;-) is contained in a face of dimension rank AZ. As a
second step, we show that it is actually equal to such a face.

For simplicity, abbreviate ¢ := C(S}- ). By construction, we know that S;» C U*(S). It
is thus left to show that

i) Cisafaceinl(S)
ii) dim ¢ = rank AZ.
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We start with 7). Assume towards a contradiction there existed a set of positive scalars
{ou, ..., s, |} satisfying Z‘]S:I? a; = 1suchthat >, a;R(s;) & [U(S)] (the support
of the polyhedral complex /(S), see Definition [2.3.5).

Then, by Equation (3.2),
> aR(s;) < Q(S)

Jelz

But, for any x € o,

Q(5)(x) = R(s:i)(x)

This is a contradiction. We conclude ).
We now show i:). It holds that
dim ¢ = dimC(Sj<)
0 ian (span ({1, — 53 | € 17\ (ko }}))
 rank[A?| - b7]

(=) rank AZ.

Indeed, equality () follows by identifying [AZ| — b?| with the matrix obtained by
stacking the points in s;, — S;- on top of each other. To see why equality (*x) holds,
note that the system AZx = bZ has a solution since ¢ is non-empty. But then also the
system A%x = —bZ. Hence, (xx) follows.

This shows i) and concludes the first step.

For the second step, we show that ( is already a face in ¢/(.5), not just contained in one.
Assume towards a contradiction it was not and let £ be the smallest face containing (.
Then there would exist an s; € £ "U*(S) with j € I7 such that

dim ¢ = dim C(S;= U {s;}).
By Lemma this would imply that
dim ¢ = dimC(Sy, U s;) = dim (span ({s, — ;|1 € IZ\ {ko} } U {sk, — 5;})

We claim that {s; — s, } is linearly independent of {s; — s, |i € I\ {k,}}, which
implies

dim ¢ > dim (span ({skg — 8 |z eI?\ {kg}})) =rank AZ,
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a contradiction to 7).

Indeed, assume towards a contradiction that linear independence did not hold. Then
there would exist a set {«;} C R such that

Sk, — 87 = Y QilSk, — i)
and thus, in particular, by linearity of R,

(R@»—M%M@=Z}Mng—mmﬂmzovXer

This would imply that s, is an equality constraint for o, a contradiction. O

The last proposition tells us that C(S2) is a face in U(S). The next proposition uses
the face C(S;-) to explain how ¢ translates to dual space. But first, we define what it
means for an affine function to be tangent to an upper convex hull:

Definition 6.1.5. Given an affine function f: R? — R, we say that f is tangent to the
upper convex hull /(S if

i) f lies above U(S),i.e., f = U(S)
ii) and the graph of f intersects the upper convex hull, i.e., graph(f) NU(S) # 0.
In this case, we write f || U(S).

Proposition 6.1.6 ([18| Proposition 18]). Let o € T(.S) be a cell in the tessellation induced
by S. Then there is a one-to-one-correspondence between points in o and dual planes tangent
to the upper convex hull of S which contain the face C(S;-):

{x € o} {f € Alfo(d) [ f | U(S) and | 2 C(Sre)}. (64)
Similarly, every face in U(S) defines a cell in this way.

Proof. By definition, o is the region in R? defined by a system

R(s:)(x) = R(si)(x) Vi,i' € IZ
R(si)(x) > R(s;)(x) VielZ, jelf.

(6.5)

Using the notation introduced in Definition this system can be re-written as

(x,y) € R(s;) Viell
(x,y) = R(s;) Vj €l

(where y = Q(S5)(x)). By Proposition it can be translated to dual space:

) (6.6)

RN(x,y) 28 VielI®
R (x,y) = 85 Vj € IT.
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The first row in System describes dual planes containing ¢ := C(S;-). We claim
that the second row of System restricts those to dual planes upper convex hull.
Indeed, for such a dual plane to be tangent to the upper convex hull, the following
needs to be true:

i) R™((x,)) = U(S)
i) R™((x,y)) NU(S) # 0.

But this follows immediately from System (6.6). This shows one implication of the
proposition by establishing the one-to-one correspondence.

For the other implication, start with a face ( € U(S) and let I C {1,2,...,n} be the set
indexing the points in S that lie on (. Reversing the argument by transitioning from
System back to System yields a cell o € T(S) with 17 = I. O

By Proposition and Proposition cells in the tessellation induced by S are
closely related to faces in the upper convex hull of S. The following proposition makes
this relationship precise.

Theorem 6.1.7. There exists a one-to-one-correspondence between k-cells in T (S) and (d—k)-
faces in U(S). Specifically, the following map is a bijection:

®: Ti(S) = Ua—r(S) (6.7)
o+ C(S]g) (68)

Proof. We first show that the map is well-defined. Let o € 7;(S) be a k-cell and write
¢ == C(S12). By Proposition ( is a face in U(.S) of dimension

dim ¢ = rank AZ. (6.9)
By Proposition[6.1.3]
k=dimo =d —rank AZ. (6.10)
Thus, ¢ € Uy_(S). This shows that ¢ is well-defined.

Injectivity of ® follows from the injectivity of the assignment o — IZ; every cell in
T (S) has a unique set of maximizers.

Finally, surjectivity of ® can be proved as follows. Let ¢ € U;_;(S) be a (d — k)-face.

Clearly, the set {f € Affx(d) | f||U(S) and f 2 (} is non-empty. By Propositionm
¢ corresponds to a cell o € T () with C(I2) = ¢. By an argument analogous to the one
above, dim o = k. This cell is a pre-image of ( under . O

6.2 Application to the Decision Boundary

In this section, we use the bijection from Theorem to characterize the decision
boundary of a ReLU binary classification network ' = Q(P) — Q(N): R — R.
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As a quick reminder, the networks decision boundary is given by
B = (Q(P)~ Q(N))™ (0).

Consequently, we are interested in studying zero-sets of DCPA functions. We start
with a special case.

Proposition 6.2.1 (Decision Boundary I [18] Proposition 19]). Let F' = Q(P) and G =
Q(N) be CPA functions R — R for some finite sets of dual points PN C D. Assume that
no point of P lies on U(N') and vice versa. Let D be the zero-set of F'— G. Then D is the union
of precisely those (d — 1)-cells of T (P U N) which (in the sense of Theorem correspond
to edges (i.e., 1-faces) of U(P U N) with one end in P and the other end in N.

Proof. For ease of notation, enumerate N = {ny,...,n,,} and P = {p1,...,px} with
m,k € N.

Fix x € R% Then x lies in D if and only if Q(P)(x) = Q(N)(x), which by definition
means that max;<;<,, R(n;)(x) = max;<j<; R(p;)(x). Let R(n;) and R(p,) be maximiz-
ers from both sides of the equation, respectively. Then x is contained in the cell o
defined as the solution of the system

R(n:) = R(p;)
R(n;) > R(ng) VYke{l,....m}\ {i} (6.11)
R(p;) > Rpr) VEke{l,....k}\{j}.
By Proposition[6.1.3} this cell has dimension
dimo =d —rank AZ =d — 1. (6.12)

By the bijection in Theorem such a cell corresponds to a dual 1-face (i.e., an
edge) of (P U N) containing the vertex n; € N and the vertex p; € P. It could indeed
contain even more points which lie in the affine subspace spanned by p; and n,. See

Remark for more details.

Since P NU(N) = N NU(P) = (), such a face has to have one end in P and one end in
N. The correspondence constructed this way is clearly one-to-one. O

Proposition handles the special case that PNU(N) = NNU(P) = 0. The following
proposition handles the general case.

Proposition 6.2.2 (Decision Boundary II [18] Proposition 20]). Let F' = Q(P) and G =
R(N) be CPA functions R? — R for some finite sets of dual points PN C D. Let D be the
zero-set of ' — G. Then D is the union of precisely those (d — 1)-cells of T (P U N) which (in
the sense of Theorem correspond to edges of U(P U N) containing points from both P
and N.

Proof. We start the proof as the one for Proposition up to the identification of the
edges in the upper convex hull. Since P NU(N) and N NU(P) need not be empty, we
can not conclude that edges in U/ (P U N ) which contain both points from P and N have

to startin P and end in N. Thus, we have to require that the edge contains points from
both P and N. O
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Figure 6.1: An example of points (P, N) (points in N are red, points in P are blue),
defining a ReLU network V' = Q(P) — Q(N): R? — R. There are four edges (light
blue) contributing to the decision boundary of N, since they contain both red and blue
points. However, only three of them start and end in different colors.

For completeness, the following corollary applies these findings to neural networks.

Corollary 6.2.3. Let Q(P) — Q(N): R? — R be a ReLU binary classification network in
the sense of Definition [2.1.5] Then the number of linear pieces in the decision boundary of N
equals the number of edges in U(P U N) containing points from both P and N.

Remark 6.2.4. The reader may encounter some confusion regarding the proof of Propo-
sition as well as the necessity for the more general Proposition We try to
clarify matters in this remark, which is accompanied by Figure

Fix an x € D and let R(n;) and R(p;) be maximizers of Q(/V) and Q(P), respectively,
as in the proof of Proposition [p.2.1] Denote by ¢ the 1-cell containing x and by ¢ the
corresponding face.

To clarify the proof of Proposition specifically Equation (6.12), assume there ex-
isted another vertex n;, € N which is a true convex combination of n; and p;, i.e., there
exists an a € (0, 1) such that n, = an; + (1 — a)p;. Then, clearly, ny lies on (.

By linearity of R, R(ny) is also a maximizer of Q(/N) on x. This shows that the system
of implicit equalities corresponding to o is at least made up of n;, ny, p;. Relevant for
the dimension of o, however, is just the rank of AZ, and since n;, ny, p; are affinely
dependent, this is not a contradiction.

This should clarify the proof of Proposition We now want to discuss the differ-
ence between Proposition[6.2.1Jand Proposition[6.2.2l Generally, there are two different
ways to place the three points n;, n;, p; on ¢. In one arrangement, ( starts in a point
from N, ends in a point from P and contains the third point, from N, in its interior. In
another setup, ( starts and ends in N, containing the point from P in its interior (see
Figure 6.1/ for an example). In both arrangements, one of the three points is a convex
combination of the other ones, explaining how all points can contribute a maximizer
on x. In both arrangements, the face ¢ contains points from both P and N. But Propo-
sition only allows for the first arrangement, while Proposition allows for
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both.

To end this section, we compare the result of Proposition to [12, Proposition
6.1.i1)], which is derived in the tropical setting and states that

B CH(Q(N) @ Q(P)),

where we identify the (d — 1)-skeleton 7;_; with the tropical hypersurface # [12, Def-
inition 1], and think of Q(/N) and Q(P) as tropical signomials

Then, by Lemma 5.1.2}i),
H(QN) ® Q(P)) =H(Q(PUN)) =Ta-1(PUN).

Hence, [12, Proposition 6.1.ii)] gives an upper bound on the number of linear pieces in
the decision boundary by considering all (d — 1)-cells, not just the ones containing a
point from both P and N.

Example 6.2.5. In this subsection, we continue the toy-example N' = Q(P) — Q(N) from
Example By Corollary the number of linear pieces in its decision boundary
is the same as the number of edges in U/ (P U N) containing points from both P and .

Specifically, one can compute
U*(PUN) ={(5,19,5), (0,14,7), (12,5, —2)}

where (5,19,5), (12,5, —2) € U*(P) and (0,14, 7) € U*(N) (see Figure[6.2). Thus, there
are three edges in U(P U N), two of which contribute to the networks decision bound-
ary since they contain vertices from both P and N. This confirms Figure which
shows the decision boundary of N and confirms that, indeed, it consists of two linear
pieces.
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Figure 6.2: Two-dimensional toy-example defined in Equation (5.12). Red points cor-
respond to IV, blue points are P. The green polygon is /(P U N). Note that, in theory,
U(P U N) and is a polyhedral complex, i.e., it can consist of multiple facets. Note also
how there are red and blue points in //*(PU N ), ultimately contributing to the decision
boundary.
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Chapter 7

Characterizing Affine Regions

In Chapter [p| we used the upper convex hull of P U N to characterize the decision
boundary of a ReLU binary classification network Q(P) — Q(N). In this chapter, we
take a similar approach to better understand the k-cells in 7 (P, N). In particular, this
will enable us to count the network’s affine regions.

Any cell o € T(P,N) is of the form o0 = ¢’ N ¢” for some ¢’ € T(P) and ¢” € T(N).
In Definition and Remark we saw how ¢’ and ¢” can be expressed as the
solution of a system of linear inequalities 0’ = {A°x > b”'}, 0" = {A°"x > b?"}. This
induces a similar representation for o:

A’ b7’
- {7

Analogously to Chapter |6, we now turn our attention to the induced system of implicit
equalities.
Definition 7.0.1 (Refined Cells as System of Linear Inequalities). Let {A%""x = bZ "}

be the system of implicit inequalities in o coming form o’. That is, any row a? € A%+
is also a row in A" and satisfies

(a%,x) =b? ¥xeo Nno'

We write 177" for the set indexing these implicit equality constraints. Generally,
19 C 177", since the latter could contain constraints that only become implicit equal-
ity constraints in combination with o” (see Figure[7.T|for an example).

Similarly, define the system of implicit equalities in ¢ coming from o¢” as

17 ! " / . . . . .
{AZ 7 x =bZ 7 }. That is, any row a;‘" € A7"" is also a row in A?" and satisfies

"

(@ x) =b?" Vxecodndg

()

Again, let 17" be the set indexing these implicit equality constraints.

The following proposition describes the dimension of ¢ in this setup:
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Figure 7.1: Example of a cell o (green line) in the tessellation 7 (P, N), formed by the
intersection of a cell ¢/ € T(P) (blue) and a cell ¢’ € T(N) (red). Both ¢’ and ¢”
have co-dimension one, each satisfying a single equality constraint. Their intersection
imposes an additional equality constraint, resulting in o having co-dimension 2.

Proposition 7.0.2. Let 0 = o' No” € T(P,N) be a cell in the tessellation induced by
Q(P) — Q(N). Then

dimo = d — rank _io_:”ia/}
Proof. By Lemma [2.3.10 )
dimo = d — rank _20//} B

The proposition then follows from the fact that

Ul

rank {AU”] ) = rank [Azupl} )

Indeed, both matrices contain the implicit equality constraints for o = ¢’ No”. How-
ever, the matrix on the right hand side might contain duplicate rows if 177" N [2"" #
0. O

Like derived for the decision boundary in the previous chapter, the next step is to
understand how ¢ appears in dual space. We begin with the following proposition:

Proposition 7.0.3. Let 0 = o' No” € T, (P,N) be a k-cell in the tessellation induced by
Q(P) — Q(N). Then
C(Pfil’du $ Nliu’(ﬂ) 6 Z/{dfk(P€> N)

Proof. Like in the proof of Proposition m we first show that C(Po.n B N,or.0r) is

contained in a face in U (P <P N). To do so, however, we take a different approach by
first translating o to dual-space. For simplicity, we abbreviate  := C(P,o.7 <P N o1.01).
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By definition, ¢ is the solution of the system

R(p:)(x) = R(pr)(x) Vi i’ € 17" N

R(pi)(x) > R(p;)(x) VielIZe" jelIl” 72
R(ni)(x) = R(np)(x) kK € [‘f U’

R(ny)(x) > R(n)(x) Vel el

(x,y1) € R(pi) VielZ"
(x,91) = R(p;) VjelIl”

(x,92) € R(ny) VkeIZ
(x,1) = R(ny) VeIl

where y; = Q(P)(x) and y» = Q(N)(x). Using Proposition the system can be
translated to dual space:

R (x,p))op VieIZo

7:3_1((59 yi)) =p; Vj€ IJ/’JN (7.3)
RY(x,2)) > V€I '
RA(x,00) = Vel

Think of R~((x,11)) and R((x,42)) as a pair of parallel hyperplanes, where the
former is tangent to U (P) and contains the cell defined by the first line in System (7.3),
and the latter is parallel to ¢/(/N) and contains the cell defined by the third line in
System (see the proof of Proposition [6.1.6|for details).

View these hyperplanes as subsets of R*™. Then their Minkowski sum satisfies
Ry +12) = R y) DR (% 92)) Zp+n VpePneN.  (74)

This means that R~!((x,y, + ¥2)) is tangent to U (P <> N). Indeed, by Definition m
we need to check that

i) RY((x,y1 + 12)) lies above U(P P N),ie. R™((x, 91 + y2)) = U(P P N)
ii) R7((%, 41+ 2)) NUP D N) # 0.

But i) follows directly from Equation (7.4) and ii) if we can show that ( is contained in
R ((x,y1 + y2)). But this follows from Equation and lines 1 and 3 of System
which imply that

R,y +92) = R (6 90) SR (x1)) 391t Vi€ 127 my € 127

This shows that ( is indeed contained inside a face in U/ (S) (see Figure[7.2)for a visual-
ization).
Continuing to mimic the proof of Proposition we next show that

dim(¢ =d — k.
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X\/

Figure 7.2: Example of a set P, .+ <P N .» . (violet) in P<p N (black). If there ex-

z° =7
ists a hyperplane R~'((x,y + y2)) tangent to U(P <> N) (orange) containing ( =
C(P o0 P N jor,0r), then ¢ has to be a face in U(P < N).

127

But this follows from Lemma which implies that
dlmC - dlm C(Pfil’oﬂ $ Nfi”’g/)

/ 1" 1" /

= dim (span ({p,, = pi]i € 17\ {pu, } U {me = [ K € 127\ (i, } } )

i/’0_// —bi’ou
= rank AUN’OJ _bo.//’al
’

A
= rank |: i

AZ'e
—d—k,

where in the last step we used Proposition[7.0.2|

Finally, as in the proof of Proposition one can show that ( is already a face in
U(S), by assuming it is not and arriving at a contradiction using Lemma O

The last proposition tells us that C(P,.» < N,.»../) is a face in U(P <P N). As in the
previous chapter, the next proposition uses this face to explain how ¢ looks in dual
space:

Proposition 7.0.4 ([18, Proposition 22]). Let 0 = o' N o” € T(P,N) be a cell in the
tessellation induced by Q(P) — Q(N). Then there is a one-to-one-correspondence between

points in o and dual planes tangent to the upper convex hull U(P <P N) containing the face
C(P ] @ N]g”,a’):

I
{x € o} {f € Affp(d) | FIIUP D N) and f 2 C(Ppyron B Ny 1)} (7.5)
Similarly, every face in U(P < N) corresponds to a cell in this way.

Proof. The construction of the hyperplane R~!((x, y1 + y2)) and the face ¢ in the proof
of Proposition is unique for any x € o, which shows there exists an injection

{X S O’} — {f S Affg(d) ‘ f HU(PQ>N> and f O C(PIZ/’”” @N[i//,g/)}.
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Next, we show that this is actually a bijection. Let f,;, € Aff5(d) be a hyperplane
tangent to U(P <P N) that contains (. We need to show that —a € o (the additional —
comes from the fact that R~!((a, b)) = (—a,b)). Assume towards a contradiction that
—a ¢ o, then there would either exist a p; € Pfi"”” and ap, € Plg/,cu s.t.

R(pi)(—a) > R(px)(—a) (7.6)
orann; € N, and anng € N s.t.
7 A
R(n;)(—a) > R(ng)(—a).
We will study the first case, the second one goes analogously. We claim it implies that
Pi + 1 = fap (7.7)

foranyn, € N 1ol which would be a contradiction since f,;, = P <P N.

Indeed, assume Equation (7.6) was true and pick any n; € N (ol Then, since ¢ C fay,
the following two equalities hold (the first one is just Equation (7.6)):

{R(pz-)(—a) > R(py)(—a)

Pr+ 1 € fap.

By Proposition and linearity of R, this system can be re-written as

R(pi)(—a) > R(pr)(—a)
R(pr) + R(n) > (—a,b),

that is,

We conclude that
R(pi)(—a) + R(m)(—a) > b,

which again can be re-written as
R(pi) + R(m) = (—a,b) = R(fas)-

Equation (7.7) then follows from Proposition [3.2.4/2. and linearity of R. This finishes
the proof of the first implication of the Proposition.

As in the proof of Proposition reversing the above argument shows the other
direction. n

The following theorem makes precise the relationship between cells and faces that was
introduced in the previous two Propositions:
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Theorem 7.0.5 (Related to [18] Proposition 22]). There exists a one-to-one correspondence
between k-cells in T (P, N) and (d — k)-cells in U(P <P N). Specifically, the following map is
a bijection:

U: Ti(PN) S Uy (PG N)
c=0N0" C(Py . Q}ngw,o/).

Proof. Follows from Proposition and Proposition similarly to how Theo-
rem follows from Proposition and Proposition[6.1.6] O

7.1 Counting Affine Regions

In the special case where dimo = d, the result in Theorem allows counting the
number of affine regions defined by a ReLU network. Indeed, we will show in this
section how the affine regions can be constructed from 7;(P, N) as a set of equivalence
classes. We will then translate this observation to dual space.

Let o € T4(P, N) be a d-cell in the tessellation induced by N := Q(P) — Q(N). Then
is an affine map when restricted to o. In particular, there exista p” € Pand ann’ € N
such that

N(x)=(R(p7) —R(n%))(x) =R(p"—n’) Vxe€o. (7.8)
However, two d-cells can define the same affine map:

Proposition 7.1.1. Let 0,0’ € T4(P, N) be two distinct d-cells. Then o and o' define the
same affine map if and only if the correspondmg vertices U(o) = p” +n?, ¥(o') =p” +n° €
U*(P <P N) satisfy p° —n° = p°

Proof. Follows directly from the definitions and Equation (7.8). O

If two neighboring d-cells, i.e., two d-cells which share a (d — 1)-face, define the same
affine map, they are part of the same affine region. This implies that affine regions are
more coarse than 7;(P, N). The rest of this section makes this observation more precise
and translates it to dual space.

Definition 7.1.2 (Adjacency). We make the following two definitions:
i) We say that two d-cells in 7;(P, N) are adjacent if they share a (d — 1)-face.

i) We say two vertices p; + ny, ps + ng € U*(P <P N) are adjacent if there exists an edge
¢ € Uy (P <P N) going from p; + ny to pa + na.

The following proposition relates these two notions of adjacency:

Proposition 7.1.3. Let 01,09 € Tq(P, N) be two distinct d-cells. Then o and o' are adjacent
if and only if the corresponding vertices ¥ (o) = p1 +n1, ¥(02) = pa +no € U (P <P N) are
adjacent (that is, satisfy py — ny = pa — na).
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(a) (b)

Figure 7.3: Illustration of the two cases in the proof of Proposition The blue
tessellation corresponds to 7 (P), the red tessellation corresponds to 7 (V). The shaded
regions are the d-cells oy and o,. Subfigure @) shows the first case, where ¢ = o), but
o # of. Subfigure (b) shows the second case, where ¢ # 0% and o # 5. In both
cases, the (d — 1)-cell 7 is a face of both ¢, and 0.

Proof. “=": Let 01 = o) No} and o9 = 04N oy with o), 0, € T4(P) and o7, 04 € Ta(N)
be adjacent.

Then o, and o5 sharea (d — 1)-cell 7 € Ty_1(P, N).
We claim that, in the sense of Theorem T corresponds to a face

(1) = C({p”* +n7",p7 + n"?}). (7.9)

To see that this is true, differentiate two cases (see also Figure .

If p°* = p?2,ie., 01 and o, are defined by the same d-cell o = o), € 74(P), then Equa-
tion follows directly from the fact that there is only one implicit equality con-

straint P27 = {p”} coming from P and Theorem

We may thus assume that p”* # p?2 and n?* # n?2. In this case, there are four implicit
equality constraint and

\II(T):C({pffl +n017pa1 +n027p02 +na17p02 +n02}) EU(P$N)

We claim that p7* + n%2,p°2 + n?t & U*(P <P N), which would show Equation (7.9).
Indeed, let H be the hyperplane defined by 7. Assume towards a contradiction that
p’t +n°2 € U*(P<P N). Then, by Theorem o) Noy would be a d-cell in 7;(P, N).
This is a contradiction since ¢} and o}, lie on different sides of H. The same argument
shows that p”2 + n% € U*(P <P N).

“<": Assume py +ny, pa+ng € UH(P <P N) are adjacent. Let oy = ojNof, 09 = ohNal €
Ti(P, N) be the two d-cells related to p; + ny,p2 +ne and 7 € Ty_1(P, N) the (d — 1)-cell
related to the 1-face C({p; + n1,p2 + na}).

We claim that 7 is a face of both ¢, and o3, which would conclude the proof.

61



By Theorem it suffices to show that

1" 1

C(Pi/l’gg P N 72) = C({p1 + n1,pa + na2}).

But this follows analogously to Equation (7.9). O
We can now construct the equivalence relation which will identify adjacent d-cells in
Ta(P, N) defining the same affine function:

Definition 7.1.4 (Path of d-cells). A path of d-cells is a sequence (o7, ...,0,) C Ta(P, N)
of d-cells such that

i) Q(P) — Q(N) defines the same affine map ono; and 0,4, foralli =1,...,n—1
ii) o;is adjacentto 0,44 foralli=1,...,n — 1.
We write (P, N) for the set of all paths of d-cells in 7;(P, N).

Definition 7.1.5 (Equivalence of d-cells). Given two d-cells 0,0’ € T(P, N), we write
o ~ o' if there exists a path of d-cells from ¢ to o’

Clearly, ~ defines an equivalence relation.

By Proposition and Proposition this equivalence-relation translates to dual-
space. This motivates the following definition:

Definition 7.1.6 (Path of dual points). A path of dual points is a sequence
(p°t +nt, ..., p°" +nm) CU(P <P N) of dual points such that

i) p7* + n? is adjacent to p?i+* + n?+ foralli =1,...,n -1
i) p? —n% = po+ —p%+iforalli=1,...,n— 1.
We write (P <P N) for the set of all paths of dual points in U*(P <P N).

In particular, this definition induces an equivalence-relation ~ on U*(P < N), where
p1+n1 ~ pe +ny if and only if there exists a path of dual points from p; + n; to ps + no.

The following proposition relates paths in 7,(P, N) to paths in U*(P <P N):

Proposition 7.1.7. There exists a one-to-one correspondence between paths of d-cells in
Ta(P, N) and paths of dual points in U*(P <P N). It is given by

©: B(P,N) = B(P S N)

(01, y00) = (P71 4+ 0% o p7 4+ n).
Proof. Follows from Proposition and Proposition [7.1.1] O

We finally make precise the one-to-one correspondence between affine regions and
equivalence classes of d-cells in 74(P, N):

Corollary 7.1.8. There exists a one-to-one-correspondence between affine regions of a ReLU
network Q(P) — Q(N): R? — R and equivalence classes in U*(P < N)/ ~.
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p0'2 _I_ nUZ

pUl + ag 03+n03
0o 01 —» 02 —T» O3
pUO + Mmoo
(a) Path of d-cells in 74(P, N) (b) Path of dual points in U*(P <P N)

Figure 7.4: Example for the one-to-one correspondence between paths of d-cells in
Ta(P,N) and paths of dual points in U*(P <> N) (Proposition Subfigure (a)
shows a path of d-cells (01, 02,03) (blue), consisting of adjacent cells that define the
same affine function. In dual space (Subfigure b)), this corresponds to a path (thick,
blue) of adjacent vertices p”* + n”* with the property that p?* — n% = p? — n% for all
i,j=1,23.

Proof. Follows from Theorem and the fact that ~ identifies exactly adjacent cells
that are part of the same affine region. O

To better understand the space U*(P <P N)/ ~, define an unweighted graph G = (V, F)
with vertices V .= U*(P <P N) C R¥!and edges F = Uy (P <P N). If d = 2, then clearly
G is planar.

The set U*(P <> N)/ ~ arises from the graph G by contracting exactly the paths in
PB(P < N) (see Figure[7.5).

Remark 7.1.9. We have seen above that d-cells in 7 (P, N) can be more fine than the
affine regions of N' = Q(P) — Q(N). Since also the activation regions [14] Definition
1] are generally finer than the affine regions [14, Lemma 3], one might ask whether
the d-cells in 7 (P, N) are the same as the activation regions. However, this is not the
case. As noted by Hanin and Rolnick [14, p.4], zeroing out a subnetwork may lead to
different activation patterns that coalesce into a single linear region.

Importantly, the zeroed-out subnetwork does not affect the upper convex hulls of P
and N and therefore does not influence the tessellation 7 (P, N). That is, two activation
patterns that only differ in the zeroed-out subnetwork do not influence 7 (P, N).

Therefore, if N restricts to the same affine map on two adjacent cells 04, 05 € T4(P, N),
two adjacent activation regions which do not just differ by a zeroed-out subnetwork
need to coalesce into the same affine region. We conjecture that this happens with
probability zero.

By the above argument, this means that the corresponding points p; +n, and p; +ny in
dual-space lie on the upper convex hull and satisfy p; —n; = ps — ny. This furthermore
motivates the conjecture, as this seems to be unlikely.

The considerations in Remark lead us to conjecture that, in networks with ran-
dom parameters, the d-cells are almost surely the same as the affine regions:
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Conjecture 7.1.10. The number of affine regions of a random ReLU network
Q(P) — Q(N) is almost surely equal to the number of points in U*(P < N).

M\

N\

Figure 7.5: An example of the graph G induced by the 1-skeleton U, (P < N) for input-
dimension d = 2. By Corollary the affine regions induced by Q(P) — Q(N)
correspond to the vertices in the (multi)-graph G’ obtained from G by identifying all
the vertices along paths P € P(P <P N) (red).

Remark 7.1.11. The argument put forward in this chapter can be generalized to net-
works NV': RY — R° with output dimension o > 1. We leave this for future work. On a
high level, the above construction applies to every coordinate function f;,i = 1,... 0,
of the network. In the end, one has to study intersections of cells in each coordinate to
understand the tessellation induced by V.

Example 7.1.12. In this subsection we continue the example of the toy network N =

Q(P) — Q(N) from Example 5.2.6|and Example [6.2.5] By Corollary - 7.1.8] the number
of affine regions defined by /' corresponds to the number of vertices in U (P <P N)/ ~.

Specifically, we compute

P& N ={(7,35,10), (12,34,0), (4,32,8), (12,34, 3), (3,28, 11), (17, 24, 0), (13, 23, 2),
(11,36,1), (11, 36,4), (14,21, 3), (2,30, 12), (16,26, 1), (16, 26, —1), (10, 38, 7),
(10,38,4), (12,19, 5), (6, 31,8), (10, 38, 5), (6,31, 11), (8, 33,4), (11, 21, 6),
(8,33,7), (4,32,10), (8,36,6), (5,33,9), (6,28, 6), (8,36,9), (13,23,4), (11, 36, 3),
(18,22, —3), (5,33,12), (11, 36,6), (5,30, 7), (15,22, 2), (7, 35, 5), (9, 34, 5),
(7,35,8), (9,34,8), (8,33,6), (14,24, 3), (15,19, 0), (8, 33,9), (9, 31, 3),

(17,24, —2),(9,31,6), (14,21, 1), (10, 38,2), (5,30,9), (7,35, 7)}

and

U (P& N) = {(18,22, —3), (15,19,0), (10,38, 7), (12,19, 5),
(17,24,0), (2,30, 12), (3,28, 11), (5, 33,12)}

One can quickly see that P(P <P N) = 0, i.e., there are no adjacent dual points p; +
ni, P2 + Ng € Z/{*(P$N) satisfying P1 — Ny = P — Na.

This implies U*(P<P N)/ ~= U*(P<P N) = 8, and N thus defines 8 affine regions.
This is confirmed by Figure which plots the tessellation induced by N and con-
tains 8 affine regions.
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Figure 7.6: Two-dimensional toy-example defined in Equation (5.12). Purple points
correspond to P <P N. The purple polygon is U (P < N).
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Chapter 8

Telgarsky’s Sawtooth Network

We use this chapter to familiarize ourselves with the dual representation by specifi-
cally constructing it for a known network.

In his seminal work [15] , Telgarsky constructed a binary classification problem for 2*
points which every shallow network with fewer than exponentially many nodes (n k)
can not classify. In this chapter, we study this construction in the dual setting.

We furthermore present numerical experiments which provide evidence for the vol-
ume hypothesis.

8.1 Problem Setting

We start by introducing Telgarsky’s main results [15]. Define 93(po; m, L) to be the class
of neural networks with L layers, at most m nodes in each layer, output-dimension 1
and ReLU activations. Given a network A € R(po; m, L), we denote by A the induced
binary classifier and by £(N\) the classification error of A, given a dataset (for more
details, see [15]).

The main theorem reads:

Theorem 8.1.1 ([15] Theorem 1.1]). Let k be a positive integer, L the number of layers, m
the number of nodes per layer with m < 2+=3)/(:=1)_ Then there exists a collection of n := 2*
points ((z;,Y:))iz1,..n with x; € [0,1] and y; € {0, 1} such that

min ~ L(N)=0 and min ~ L(M) >

N€ER(po;2,2k) MER(po;m,l)

[N

Telgarsky’s proof is constructive. The collection of points is the k-ap:

Definition 8.1.2 (The k-ap). The k-ap (k-alternating-point problem) is the set of 2* uni-

.....

with z; = i27% and y; = 0if i is even and y; = 1 otherwise.

To construct a narrow network that can correctly classify the k-ap, he introduces the
mirror-map:
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Definition 8.1.3 (Mirror-Map). The mirror-map is defined as

fm:R—R
2x nggé
r—=q2(1—-2) $<z<1
0 otherwise.

This mirror-map can be represented as a ReLU network:

Lemma 8.1.4. The mirror-map f,, can be written as

where §,,(z) € R(po; 2, 2) is a neural network given by

fm(z) = po (Wa - po (W1 -z + b))

WI:G), blz(_oé), Wo— (2 —4).

In order to show Theorem Telgarsky actually proves the following, stronger
statement:

with

Theorem 8.1.5 ([15, Theorem 1.2]). Let k,m,L € N be positive integers. Given a
t-sawtoot]s: R — Rand n := 2 points specified by the k-ap, then

— 4(tm)*
min  LN)=0 and min L(M)> w
NeR(po;2,2;k) MEeR(s;m, L) 3n

The proof uses the following lemma for the lower bound, which shows that the mirror-
map f,, concatenated with itself k-timed?| correctly classifies the k-ap:

Lemma 8.1.6. On the 2" points specified by the k-ap,

L(fn) = 0.

Telgarsky’s construction incentivizes the use of deep networks, since it shows that
shallow networks with fewer than exponentially many (in k) nodes have an error of
at least 1/6 on the k-ap, whereas there exists a deep recurrent network with 2 nodes in
each of the 2k layers achieving zero error.

la t-sawtooth is a piecewise affine function with ¢ pieces
2The k-fold concatenation of f,, with itself is what gives this construction its name, since f¥ looks
like the teeth of a saw.
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8.2 The Dual Representation

In this section, we study the dual representation of powers of f,,,. By Lemma Ik
can be written as a recurrent neural network of depth 2k and width 2 for any £ € N.

Given two non-negative integers a < b, we introduce the short-hand notation [a : b] :=
{a,a+1,...,b—1,b}.
The following proposition establishes a recursive formulation for the dual representa-

tion of f:

Proposition 8.2.1. Let ( Py, Noy) denote the dual representation of f%. Then the dual repre-
sentation of f&+1 is given by

Noger1) = (4Nog D 2Nop, D{0}) U (4Noy, D 2Nop B —2D{0}) U (4Pos, \ Noy <D 2Ny, B —2)
Pyks1) = (4Noj, D 2Nop, D{0}) U (4N, D 2Py, \ Nog) UNo(e1).

Proof. Since f,,: R — R has output-dimension equal to 1, the vectors Ny, and Py, just
contain one set of dual points each. We identify them with these sets.

By Lemma computing f5*1 comes down to post-composing a 2-layer-network
with a 2k-layer-network. After post-composing the first layer of f,, with ¥, by Propo-
sition[5.1.7 the dual representation (Naj,11, Pay41) takes the form

(Nog41)i = (W1 ) i1 Poy (W7 )11 Ny, (8.1)
= {0} <D Noy. (8.2)
and
(Pog41)i = (W1 )it Pogp D (W7 )1 Nog B (b1); U (Nojpr); (8.3)
= Py, B (by); U ({0} <D Nay). (8.4)

for i = 1,2. Note that we keep <{0} in the above calculations since N, = () and
0+ {0} := {0} # 0 (corresponds to k = 0 in the proof of Corollary [5.1.8).

In order to compute the second post-composed layer, note that Ny, C Ps, and thus
Poj, = Noi U Poy, \ Nog.
Furthermore, the set union distributes over the Minkowski sum s.t.

N1y = (W )11 (Pak1)1 P (W3 )12(Pakr1)2 + (Wi )1 (Vo)1 D(W3 )12 (Nogy1)2
= 4(P2k+1)2 @ 2(N2k+1>1
A(Py, B _% U {0} @ Noy) © 2({0} & Noy)

= (4Nay, D 2Noy, D{0}) U (4N2p, D 2Noy, B =2 {0}) U (4Pyy, \ Noj, D 2Noy, B —2)
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and

Pyer1) = (W3)11(Pors1 )1 W3 )12( P )2 AW )11 (Naky 1)1 AW3 )12 (Nog1 )2 U Noy,
= 2(Paj11)1 D 4(Nog41)2 U Nogey1)
2(Poy U{0<D Noi } D 4({0 €D Nog}) U N
= (2Noy, D 4ANo, D{0}) U (4N2i, D{0} D 2Pos,) U Norosn)
= (2N D 4N, D{0}) U (4Noy, D 2Noy, D{0}) D (4 N2k, D 2Pos, \ Now) UNogip)
= (4Noy, D 2Noy, D{0}) U (4Nok, D 2P \ Nag) U Nogpr).

This finishes the proof. ]

Remark 8.2.2. We note two observations related to Proposition [8.2.T}
i) For k > 1, it holds that Py, Noi. # () and one can drop the <p{0}.

ii) The reader may wonder why we introduced P, \ N in the proof of the Propo-
sition. However, while this artificial step complicates the recursive identities for
Ps(i+1) and N1y, it will pay of later. Indeed, we will see that computing Ny, and
Py, \ Ny, is easier than computing Ny, and Py, directly.

Next, we define the following two quantities:

Definition 8.2.3. For any j € N, we define

6/ — 1
5
31

gO = 2 :

hl =2

Remark 8.2.4. Interestingly, h) and g are the values that powers of certain functions
take at zero. Indeed, define the two helper-functions f: R — N, h(z) = 6z + 2 and
g: R—N, g(z) =3z + 1. Then

, i_ =
NP Lt P
5 1=0
31 o
g = 5= ZB .
=0
The following are useful helping Lemmas:
Lemma 8.2.5. The following equations of sets hold:
0:3"=[0:3""]<PH2[0:3""] (8.5)
[1:3"—1]=[0:3""]D4[0: 9] +1 (8.6)
[O : gg] = [0 : 3’“*1} <> [O : ggfl] (8.7)
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Figure 8.1: Unreduced representation of the sawtooth function f* for k = 1,2,3,4
(points in P are red and points in IV are blue). One vertical “pillar” corresponds to
the inner union in Proposition The horizontal structure, i.e. the lining up of the
vertical pillars, corresponds to the outer union.

Proof. The proof is straight forward. We still provide it for completeness, starting with
Equation (8.5). Note that

2[0:3"7'${0,1} =[0:2-3""+1]

and thus
2[0:35 <D 0:3" "] =[0:2-3"" 43" =0:3"].

For Equation (8.6), proceed analogously:

40 : gb 1 <D{0,1,2,3} = [0: 4gi "t + 3] = [0: 2(3F — 1) + 3]
and thus

[0:3 1 D4[0:gf | =[0:3" 423" —1)]=[0:3"-2].
Finally, for Equation (8.7),

31 -1
[0:37] P[0 g5 '] = {0:3" "+ ———| = [0: g].

This concludes the proof. O

With these helping Lemmas at hand, the following proposition provides a recursive
formulation for the dual representation of the sawtooth function:

Proposition 8.2.6. Assume that the dual representation of f¥ with | > 2 can be written as

3k—1
Naw=|J |J {G2", =hf™" = j2" + 2a)} (8.8)
J=0 a€S(k,j)
and
Py, = Ny, U Hyy,
where
gt
Hy =) (J {@+52"2 28 —2—nf' — j2¥" + 8D)} (8.9)
J=0 beZ(k,j)
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for some sets S(k, j), Z(k,j) € N. Then Equation and Equation also hold for k + 1.
The sets S(k +1,q), q € [0 : 3*], are given by

S'(k+1,q), c {0,3"
S 1) =0 1€ 0.5
S'(k+1,q9)+S"(k+1,q9) ow.,
where
S'(k+1,q) ={4o+2p+6|6€{0,1},3i,j € [0: 3" "] s.t. ¢ = 2i + j,
o€ S(k,i),pe Sk,j)}
and

S"(k+1,q) ={3-2"—4+20+16p|Fic[0:3""],j€[0: g} "]st.q=1i+4j+1,
o€ S(k,i),pe Z(k,j)}

The sets Z(k +1,q), ¢ € [0 : g}], are given by

Z(k+1,q)={o+2p[Fie[0:3"",j€[0: g5 "|st.q=i+j,0€ S(k,i),p € Z(k,j)}.
Proof. Since Ny C Py, note first that Ho, = Py \ Nog.
We start by showing that Equation also holds for k£ + 1 with the defined S(k+1,-).

By Proposition@
N2(k+1) = A U B U C

where

A= 4N2k $ 2N2k

B = 4N2k $ 2N2k H -2

C = 4P2k \ Ngk $2N2k H -2.
We start by computing A:

A = 4Ny, D 2Ny,
= {(4i2", —4nft — 4i2" +4-20) [i € [0: 3" 0 € S(k,i)}
SL(2525, —2hg™" — 2528 +2-2p) | € [0: 3" '] ,p € S(k,j)}
= {(2"7(2i+j),—hf — 2" (2i + j) + 8o+ 4p + 2) |
|i,j € [0:3" ", 0€ S(k,i),pe Sk.j)}
= {(2""q,—h§ — 2""'q+2(4d0+2p+ 1)) |
|3i,j €[0:3" " st.q=2i+j,0€ S(k,i),p€ S(k,j)}.

Since B = AH —b, it follows readily that

B = {(2"7?q,—h{ — 2" q+ 2(40 + 2p)) |
|3i,j €[0:3st.q=2i+j,0€ S(k,i),pec S(k,j)},
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from which we conclude, using Equation and the definition of S'(k + 1, ¢), that
AUB = {(2""%q,—hi —2*"'q+2r|qe [0:3"] ,r e S'(k+1,9)) |}
Finally,
C = 4Py, \ Ny, 2Ny, B —2
= {(4- 28445252 4. 2" —8—AnfT 452" 432p—2) [ € [0: g5 7] .p € Z(k,j)}
+ {(2:2"H, —2ht — 22’2’“ +4o)|i € [0:3%"] 0 € S(k,i)}
={(2"(i+4j+1),— z’f“(z + 4] +1) + 2" 4+ 28— 84 32p + 40) |
lie[0:3"], oeSkz €[0:957"].pe Z(k,j)}
={(2"(i+4j+1),—hf — 2k+1(z + 43 +1)+3- 25— 8+ 32p +4o) |
lie[0:3""],j€l0:g"] . 0€S(k,i),pe Z(k,j)}
= {(2"?q, —h§ — 2""'q+2(3- 2" — 4 + 16p + 2k))
|3ie0:3"],je[0:g5"] st.g=i+4j+1,0€ S(k,i),pe Z(k,j)}
= {(2k+2 ,—h — 2k g 4 2r |q€[1 : Sk—l],rES"(k—H,q)},
where in last step we used Equation and the definition of S”(k + 1, q).

Putting together these results for AU B and C' shows that Equation (8.8) also holds for
Ny, with S(k + 1, -) defined as in the Proposition.

It remains to show that Equation holds for k + 1 as well. Note again that, since
Na(et1) € Paer1), we can again identify Hy(o1) = Part1) \ Nogrs1)- By Proposition[8.2.1]
this implies that

HQ(k+1) = Hé(k+1) \ N2(k+1)7 where Hé(lﬁ‘l) = 4N2k @ 2P2k \ Ngk.

As a first step, we compute Hy, ., to be
Hiy g1y = 4Nai D 2Py, \ Ny,
= {(4i2"", —4hi ™" — 4i2" + 80) [i € [0:3*7'] 0 € S(k,i)}
D {(2-2F 252 2. 2F 4 Qhk t—252" 16p) [j e [0: g5 p € Z(k,5)}

= {2 + 253 (i 4 ), 2" — 2 — h§ — 2" (i + j) 4+ 8o + 16p) |
lie[0:3""],je[0: gg—l] ,0€ S(k,i),p€ Z(k,j)}
= {(2k+1 4 2k F3g okl 9 pk — 2K 2 4 8(0 + 2p)) |

|Jie[0:3"],je0: gk 1'stg=i+joeSki)peZkj)}
= {(2"T 4 2" 2 — 2 — h§ — 2"+ 8r) g€ [0: gf] . r € Z(k+1,q)},
where in the last step we used Equation (8.7) and the definition of Z(k + 1, q).

Comparing this result with the above result for Ny;.i), we can see that

Hj 41y N Naer1) = 0 (the z-coordinates can’t match) and thus
Hé(kﬂ) = Ha(r1)-
This shows Equation also holds for N + 1 and concludes the proof. O
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An example of the dual representation derived in Proposition can be found in
Figure 8.1

We conjecture that S(k, j) and Z(k, j) are actually contiguous in N ﬂ

Conjecture 8.2.7. For every k > land j € [0:3¥7!], let s(k,j) := max S(k, ) and
2(k,j) = max Z(k, 7). Then

S(k,j) =10 s(k,j)]
Z(k,7) =10: z(k,7)].

The following proposition starts the induction for Proposition [8.2.6}
Proposition 8.2.8. For k = 2, the sawtooth-function f2 has dual representation as given in
Proposition [8.2.6]

Proof. A simple calculation using Proposition shows that

={(0,0),(0,-2)
(8,—2),(8,—4),(8,—6)
(16, —6), (16, —8), (16, —10)
(24, —12), (24, —14)}.

A simple calculation reveals that Vs can consequently be written as

M= U {8, —2—4j+20)}

j=0a€eS(2,5)

3k: 1

U U { ]2k+1 hk 1 ]216 + 20/)}

0 aeS(k,5)
where

5(2,0) ={0,1}
5(2,1) ={0,1,2}
S(2,2) ={0,1,2}
5(2,3) ={0,1}

The set N, is plotted in blue in Figure
Similarly, one can show using Proposition that

Py \ Ny = {(47 0)7 (207 _8)}a

3at least this seems to hold computationally. Remains to be shown.
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which can be written as

PANy=]J |J {(4+165,-8j+8b)}

J=0beZ(k,j)

k—1
Y90
=J U (@ +j2" 28 —2—nf" — j2 4 8p)}
)

J=0 beZ(k,j
where
Z(2,0) ={0}
Z(2,1) ={0}.
The points in P, are plotted in red in Figure O

Restricting the sets P, and Ny, to their upper convex hulls, the following theorem
provides the reduced dual representation of f%:

Theorem 8.2.9. For any integer k > 2, the sawtooth-function f¥ can be represented as
[l = Q(Pa) — Q(Noy,) with

Nop = {(j2k+17 _hlof—l _ ]Qk + 23(]{;’])) ‘] € [O : 3k_1]} (810)

and
Py, = Ny, U Hy,

where
Hop = {(2F 4 j2872, 2% — 2 — h§~ — 52" 4+ 82(k, ) |7 € [0: g5 ']} (8.11)

for some integers s(k, j), z(k, j) € N. We call this the reduced representation of f*.

Proof. Follows from Proposition Proposition and Corollary O

We conclude this section by pointing out how Theorem supports Conjec-
ture both P, and Ny are way bigger than U*(Py,) and U*(Nyy), respectively
(only the uppermost points of the vertical pillars from Proposition lie in the up-
per convex hulls, see Figure [8.1).

8.3 Experiments

The careful design of the sawtooth function ensures that it has a high number of break-
points. In this section, we study how the complexity of the decision boundary and the
number of affine regions change if the carefully designed weights and biases are ran-
domized.

Define {724 to be the following random function:
frand: R — R
X'—>W2 'pO(Wl 'X+b1) +b2
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Figure 8.2: A "flattened cone", resulting from W; = (—1,1)%, Wy = (—4,—4), by =
(1/4,-3/4)T, by = 1.

for some random matrices W; € R"2, W, € R?! with i.i.d. Gaussian entries and
vectors b; € R?, b, € R with i.i.d. Gaussian entries. We write {24 ~ 9™ for a
random function (“block”) of that form.

Remark 8.3.1. The reader might notice that, compared to the deterministic case in
Lemma this definition is missing the outer nonlinearity. Indeed, for n > 1, we
could also have discarded it in the deterministic case. However, we chose to stay close
to the original construction in [15]. In particular, the reduced representation (Theo-
rem is the same with or without the outer nonlinearity. In the random case, we
go without the nonlinearity in order to restrict the network’s effective number of ReLU
layers.

Definition 8.3.2. Given a,b € Nj, we define 9(a,b) to be the distribution of neural
networks obtained by concatenating a consecutive deterministic blocks with b consec-
utive random blocks. That is,
zfﬂdo...offri%dofmo...ofmN‘ﬁ(a,b)
~ vy —

Vv .
b times a times

for rand . f;ir})d ~ mrand.

m,1

For the following experiments, we use Conjecture|7.1.10|to count the number of affine
regions defined by a network randomly drawn from 91(a, b), and Proposition to
assess its decision boundaries complexity.

Figure shows the behavior of both complexity measures, given a fixed network
depth but a varying ratio of random blocks to deterministic blocks.

There, it is evident that both the complexity of the decision boundary and the number
of affine regions grow more slowly or even decay compared to a purely deterministic
sawtooth network. This provides evidence that the exponential complexity regime
(introduced in Section is unstable/sharp. In order to enter the regime, Telgarsky
carefully constructed the weights and biases, enabling exponential complexity (in the
number of layers).

As soon as the carefully constructed parameters are replaced by random ones,
the network quickly transitions to the subexponential complexity regime with sub-
exponential complexity (compare the blue line and the red dashed line in Figure 8.3a)).
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Figure 8.3: Counting affine regions (Subfigure (E[)) and transitions (Subfigure (]E[)) in
different settings. Networks are made up of k& = 7 blocks. Graphs in Subfigure (a)
show |U*( Py, < Nai)|, i.e. the number of affine regions, after every block | < k, and
graphs in Subfigure @ count the number of edges between P, and Ny in U(Pay, U
Nsi). Inside Subfigure, from the top left to the bottom right, the networks are first
drawn from 91(0, 7), then from 91(1, 6) etc. The red dashed line indicates the number
of affine regions (transitions) of a purely deterministic sawtooth network. Shaded
regions indicate percentiles, starting from 70% and going to 95% is steps of 5%. The
blue line is the empirical mean.



Remark 8.3.3. Note that, as shown in Figure it is possible, though unlikely, for
a (partially) random network to have more affine regions than a purely determinis-
tic sawtooth network. This can occur if all the breakpoints associated with the first
random subnetwork fall within the interval [0, 1]. For instance, a random layer may
resemble a "flattened cone" (see Figure [8.2), resulting in more affine regions than a
regular cone in Telgarsky’s construction.

Finally, Algorithm 2| and Algorithm [3| show how we compute the number of d-cells
and the number of linear pieces in the decision boundary of a given ReLU network.

Algorithm 2 Counting Boundary Complexity

1: Input: Neural network A': R? — R with L layers, sample x € R?
2: Output: Boundary complexity of A/

3:

4: Initialize Py = ({(e1,0),...,(eq,0)}) and Ny = (0)

5: forlayer [ =1to L do

6:  Decompose W, into positive part W;" and negative part W,
7. Compute N, = (W; P_;) <D(W; N_y)

8: Compute Pl = (((W?_B—l) @(W;Nl—l)) H bl) U (Nl (& tl)

9: end for
10:

—_
—_

: Find the upper convex hull (P, U Ny)

: for each 1-cell (edge) in U (P, U Ny) do

if the 1-cell joins a point in P, to a point in Ny, then
Mark as a boundary piece

end if

: end for

: Return: Total boundary piece count

S

Algorithm 3 Counting affine regions

Input: Neural network NV': R? — R with L layers, sample x € R?
Output: Number of d-cells defined by M

Initialize P, = ({(e1,0),...,(eq,0)}) and Ny = (0)
forlayer = 1to L do
Decompose W, into positive part W, and negative part W,
Compute N; = (W; P_1) (W, N,_)
Compute P, = ((W/ P_1) D (W; Ni_1)) Bb,) U (N, Bt)
end for

[ —
_= O

: Find the upper convex hull (P, <P N;)
: Return: The number of vertices in U* (P, < Ny,).

—_
N
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Chapter 9

One Layer — Random Weights

Having familiarized ourselves with the dual representation by explicitly constructing
it for the sawtooth function, we devote the remainder of this work to studying the
volume hypothesis. We begin with a quick recap.

Chapter 5| established a dual representation N' = Q(P) — Q(N) for every fully con-
nected feedforward network N with ReLU activations. The complexity of NV is closely
tied to properties derived from upper convex hulls associated with its dual representa-
tion. By Corollary[7.1.8] the number of affine regions induced by \ equals the number
of vertices in U(P <P N)/ ~. Moreover, Proposition states that the number of
linear pieces within the decision boundary equals the number of edges in U (P U N)
containing points from both P and from N.

In Chapter 8, we computed the dual representation of Telgarsky’s sawtooth network.
Experiments confirmed the instability of the exponential complexity regime, as ran-
domizing the last layers resulted in a sub-exponential number of affine regions. In this
chapter, we analyze this phenomenon by explicitly computing the marginal gain in
complexity achieved by appending a random ReLU layer to a deterministic network.

Since the dual representation of the sawtooth function is challenging to handle (see
Theorem 8.2.9), we consider a slight simplification thereof.

Throughout this section, let n > 2 be an integer. We now introduce the deterministic
subnetwork mathematically.

Let Ny and P, be sets of n + 1 points each, defined by

N T 27 ) T 27 ‘0<,<
= COS — Sin | — n
0 2on+1)’ 29n + 1 =J =
m2j+1 . (T2 +1 .
P, = T T 0<i<nb.
" {(608(22n+1)’sm(22n+1)>‘ —‘7—”}

In particular, as in Telgarsky’s network, which inspired this construction, we con-
jecture that these points define a function R — R that is realized by a network
Q(Fy) — Q(Ny) in the exponential complexity regime.
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Figure shows the sets I, and NV, for the case n = 4, as well as the DCPA function
they define. As a prove of concept, note that the number of edges in U (F, U Ny) con-
taining points from both N, and F, equals 9, which is also the the number of times
the graph of the network (Fp, Ny) goes through zero (i.e., the number of pieces in its
decision boundary). Similarly, there are 9 affine pieces, which, as we will see in Propo-

sition equals [U*(Py <D Ny)|.

Y

0.20

0.15

0.10

0.05

0.00

—0.05 1

(a) (b)
Figure 9.1: Circle construction for n = 4. Subfigure @ shows the dual representation.

Subfigure (b) plots the corresponding DCPA function.

The additional one-dimensional ReLU layer z + o(wz + b), where w,b ~ N(0,1),
transforms these points according to Proposition resulting in an enlarged net-
work with dual representation

Nl = 'll}ipo @’UJJFNO (91)
Py = (w"PyPw Ny Bb) UN;. (9.2)

Ultimately, we are interested in comparing the number of affine regions induced by
the networks (P, Ny) and (P, N;). By Corollary this comes down to comparing
the number of vertices in the upper convex hulls of P, < Ny and P, <p N;.

A careful analysis will reveal that the network is expected to transition from the ex-
ponential to the subexponential complexity regime. To reach this conclusion, we first
develop some theoretical tools to better understand upper convex hulls arising from
sums of circles.

9.1 Summing Circles

Start by enumerating the points in N, as
NO = {X(), c. 7Xn}7
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where

T 2 (T 25 9
L il il R
i (COS<22n+1>’Sm<22n+1>>e

The goal of this section is to prove the following proposition:

forj=0,...,n.

Proposition 9.1.1. It holds that

U*(No <> No) = 2Np.

To do so, we need to develop some machinery.

(9.3)

Figure 9.2: Structure underlying the Minkowski sum N, <P Ny, which consists of a
copy of Ny (violet) centered at n for every n € N (blue). The resulting set Ny <P N, can

be structured using lines through the origin (light blue, see Lemma9.1.2).

We start with the following lemma (see Figure 9.2/ for a visualization):

Lemma 9.1.2. (Line Lemma)

i) For any to pairs 0 < i,j <nand 0 < h,k < n of indices (not necessarily distinct, i.e., it
may be that i = j), the points x; + x; and x;, + xy, lie on a line through the origin if and

onlyifi+j=nh+k.

ii) The line 0 — (x; + x;) corresponding to the index-pair (i, j) encloses the angle

the horizontal axis.

with

iii) On that line, the point furthest away from the origin is given by 2x; if i + j is even and

X; + Xit1 Zf@ —|—j is odd.
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Proof. We start with ¢). The points lie on a line through the origin if and only if

(i +%5); _ (% +%),
(xp+%xk);  (Xn+Xp),

Inserting the points, this is the case if and only if

oS (gzijﬂ) + Cos (%2311) _ sin (gznﬁl) +sin (%2311) '
cos (%23i1) + cos (%23{?1) sin (%2321) + sin (%2511)

By Lemma this equation can be re-written as
r 2i+2) r 2i-2j 1 2i+2j r 2i-2j
cos (5 2(2n+]1)> oS (5 2(2n+]1)> o <§ 2(2n+]1)> oS <§ 2(2n+]1)>
m 2hi2k w202k \ i 7 2hi2k x 2h—2k
cos (5 2(2:+1)> cos (5 2(2n+1)> Sin (5 2(2:+1)> cos (5 2(2n+1)>
which is the same as
T 20+ 2] T 2h+ 2k
tan [ =——— ) =tan | =————— ] .
22(2n+ 1) 22(2n + 1)

Since 0 <7+ j,h + k < 2n, this, in turn, is equivalent to

i+7=h+k.
The first statement follows.

For the second statement, note that the angle ® enclosed by the horizontal axis and the
line defined by the index-pair (i, j) satisfies
(Xi + Xj)l

Analogously to the above calculations, one can compute

T 20427 )

tan @ = tan ( -
o an(zz@n+1)

and thus

For the third claim, we compute (as above)

T i—]
|x; + x;]|3 = 4 cos (§2n—l— 1) :

If < + j is even, then this term is maximized by ¢ = j. If i + j is odd, then this term is
minimized by |i — j| = 1. This concludes the proof. O

The following simple Lemmas will help to prove Proposition[9.1.1]
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Lemma 9.1.3. It holds that Ny <P Ny C 2D* := {x € R? | ||x||2 < 2}. Furthermore, for any
0 < i <, itis true that 2x; € 25" = {x € R? | ||xz|» = 2}.

Proof. Trivial. n

Definition 9.1.4. For any 0 < i < n — 1, we define A, to be the area enclosed by 251
and the line connecting 2x; and 2x;,; (see Figure[9.3).

Figure 9.3: Example of the area A; (shaded region).

As it turns out, the interior of A; contains no points from Ny <P Ny:

Lemma 9.1.5. Forany 0 <i <n,
Ai N (N() $ N()) = {2Xz’7 2Xi+17 X; + Xi+1}.

Furthermore, x; + x;41 lies on the line connecting 2x; and 2x; .

Proof. The second claim is clear, as x; + x;1 is a convex combination of 2x; and 2x;1,

namely

1 1
X + X1 = §2Xi + §2X¢+1- 9.4)

For the first claim, note that, by Lemma 9.1.2]4), the points in N, <> Nj are organized
on lines through the origin.

By Lemma [9.1.2lii), there is exactly one such line running between the lines defined
by 2x; and 2x;,,, which runs through x; + x;;;. This line lies exactly between the
two neighboring lines. By Lemma [9.1.2]4ii), the top point of that line is x; + x;1. It
hence suffices to show that x; + x;; lies on the boundary of A;, which is clear by
Equation (9.4). This concludes the proof. O

We can now finally provide the...
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.. proof of Proposition By Lemma m the points in Ny <P N, are organized in
lines, alternatingly ending in 2x; and x; + x;;1 (see also Figure 9.4).

By Lemma the point x; + x;41 is a convex combination of 2x; and 2x;,, s.t.
U*(Ny <P Ny) C 2Ng.

By Lemma the set 2V is contained in 25!, which implies that no point in 2N
can be written as a convex combination of the other points. This shows that 2N, C
U*(No <P Ny) and concludes the proof. O

Figure 9.4: Example of Ny <P Ny with n = 4. Index-sum are included for every second
line. Upper convex hull is indicated in red.

9.2 Summing Rotated Circles

In the previous section, we computed the upper convex hull of Ny <> Ny. In this sec-
tion, we study the upper convex hull of N, < F.

Start by enumerating the points in F; as

POZ{y07"'7Yn}

27+ 1 . (Tm25+1 9
. il il R 9.5
Y3 (COS (2 2n+1) S (2 2n+1>) R ©:5)

The goal of this section is to prove the following proposition:

where

forj=0,...,n.

Proposition 9.2.1. It holds that

U (Py <P Ny) = U {xi+yi-1,xi +yi} U{xo+yo}.

=1
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Analogously to Lemma for Ny < Ny, the following lemma structures the points
in Po @ N().

Lemma 9.2.2 (Line Lemma 2). i) For any two pairs 0 < i,5 < nand 0 < h,k < nof
indices (not necessarily distinct, i.e., it may be that i = j), the points x; +y; and x;, +yy,
lie on a line through the origin if and only if i + j = h + k.

ii) The line 0 — (x; +y,) corresponding to the index-pair (i, j) encloses the angle = =+1/2

, , ‘ 2 2ntl
with the horizontal axis.

iii) On that line, the point furthest away from the origin is given by x; +y; if i + j is even
and y;_1 + x; if i + j is odd.

Proof. We proceed analogously to the proof of Lemma starting with 7). The two
points lie on a line through the origin if and only if

(x; + Yj)l o (x; + Yj)2

(xp +yr)1  (Xp+Xp)2

Inserting the points, this is the case if and only if

cos (5527) + cos (3451) _ sim (527) + s (3 420)
05 (520) + c0s (5231) i (5287) + s (3251)

By Lemma this can be re-written as

cos (12i+(2j+1)) oS (z 2¢—<2j+1)> sin (z 2i+(2j+1)) oS (E 2i—(2j+1>>

2 202n+1) 2 202n+1) 2 2(2n+1) 2 202n+1)
x 2h+(2k+1) 7 2h—(2k+1)\ . (7 2ht(2k+1) x 2h—(2k+1) )
cos <§ 2(2n+1) )COS (5 22n+1) ) Sin (5 2(2n+1) )COS (5 2(2n+1) )

which is equivalent to

72h+2k+1 T2+ 2j + 1
tan | - ———— | =tan [ -———— | .
2 2(2n+1) 2 2(2n+1)

Since 0 <7 + j, h + k < 2n, this, in turn, is equivalent to
h+k=1i+7.
The first statement follows.

For the second statement, note that the angle ® enclosed by the horizontal axis and the
line defined by the index-pair (i, j) satisfies

(x; + Yj)z

tan ® = .
(x; +yj)h

Analogously to the above calculations, one can reformulate the right hand side to read

2i+25+1
tan ® = tan rEta At
2 2(2n+1)
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and thus
Ti+j+1/2

2 2n+1

For the third statement, note that
Ti—j—1/2
Ixi + ;3 = 4cos (§W> -

If i + j is even, this term is maximized for i = j. If 7 4+ j is odd, then it is maximized by
i—j=1 O

Figure 9.5: Example for P, < Ny with n = 4. Index-sum associated with the lines are
indicated for every second line and so is the upper convex hull (red). Compared to the
picture of Ny <P Ny (see Figure , the points are shifted counter-clockwise along the
circular arcs.

The proof of Proposition requires one more lemma:

Lemma 9.2.3. Let v,w € R? be two vectors. Then the path v + w obtained by appending w
to v takes a left turn if and only if

VX W= ViWy; — vowy > (.

Proof. Embed v and w into the first two dimension of R3 like

-0 )

0
VX W= 0
ViWy — VoWjy,

The cross-product

equals the signed area of the parallelogram spanned by v and w. By our choice of
orientation, this shows that P does indeed take a left turnif and only if v x w > 0. [
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Proof of Proposition[9.2.1, “C": We start by arguing that
U (Po<P No) C U {xi+yi-1,xi +yi} U{xo + yo}-
i=1

But this follows from the organization of the points in P, <) Ny in lines through the
origin and the fact that [ J;_, {x; + yi—1,%; + y:} U{xo + yo} contains exactly the upper
ends of these lines (see Lemma [9.2.2).

“2%: We show the remaining inclusion using an argument similar to the one in An-
drew’s monotone chain algorithm[|| In particular, we show that the path

P:xi+yi = X1 +¥i = Xip1 + Yis1

takes a left turn for every i = 0,...,n—1. We claim that this would show the remaining
conclusion.

Indeed, since x; + yo is the rightmost point in FPy<Pp Ny, it has to be
contained in U*(P <P Np). It then follows from Andrew’s argument that
{xi +¥i,Xit1 + ¥i, Xiv1 + Yir1} SU*(Po, Np) for i = 0, and thus for any i by in-
duction.

We now show that P, indeed takes a left turn. To do so, define the two sections in P, as
Vi =X Ty — (X Yi) = X — X
Wi = X1 +Yip1 — (X +Yi) = Vi — Vi
By Lemma the path P, takes a left turn if and only if v; x w; = v;;W;5 —v;;w;; < 0.
Inserting the points and using Lemma we compute the first summand:

Vi1Wio = (Xi—H - Xi)l(Yz’—H - Yz')2

o (Ean) o (G [ (G ) o (e

from which we conclude that

. (m2i4+1Y . T 1 m2(i+1)
Wi = —4 - 2= — . 9.6
VirWiz Sm<22n+1>sm <22n+1>cos(2 2n—|—1> ©.6)

For the remaining summand, we proceed analogously:

VioWi1 = (Xiy1 — Xi)2(Yir1 — Yi)1
) m2(i+ 1) ) T 2 m2(i4+1)+1 T2+ 1
= |sin [ = —sin [ = cos| =————2—— | —cos | =
22n+1 22n+1 2 2n+1 22n+1
T220+1)\ . (7 2 . (m226i4+ 1)\ . (7T 2
=" 4cos| ———% |sin| =———— |Jsin | =———— L Jsin | =————
22(2n+1) 22(2n+1) 2 22n+1) 22(2n+1)

! Andrew’s monotone chain algorithm for computing convex hulls: https://en.wikibooks.
org/wiki/Algorithm_Implementation/Geometry/Convex_hull/Monotone_chain
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from it follows that

21+ 1 1 200+ 1
VioW;; = —4cos et sin? (2 sin | = li+1) : 9.7)
22n+1 22n+1) 22n+1

Putting together Equation and Equation shows that v; x w; > 0 if and only

if
. (m2i+1 T2+ 1) T2i+1Y . [(72(i+1)
4 _ _ A L L
Sln(22n+1)ms<2 o+ 1 ) * COS(22n+1)Sm(2 mr1) "

which can be reformulated to

(TN (w2t
11 —_—— 1l — .
M\ 9o+ 1 M 9ot 1

This is true since tan is strictly increasing on (0, 7). O

9.3 Putting It All Together

In this section, we combine the results from Section [9.1]and Section [9.2]to understand
how the complexity of the network (P, Ny) changes when appending the random
ReLU layer.

Differentiate two cases.
Casel: w >0
In this case, by Equations (9.1)) and (9.2),
Nl = U)N(]
P1 = (U)P()Bﬂb)UUJNO
and thus

We are interested in the upper convex hull of P, <p N;. On a high level, w scales the
circle on which N, and P, are arranged, while b shifts wNy <P wF, along the vertical
axis. The rest of this subsection makes these considerations more precise. For ease of
notation, we introduce the random-variable

S = U (P Ny)| € Ny, (9.9)

which, by Theorem counts the d-cells. By Corollary it furthermore is an
upper bound for the number of affine regions induced by Q(P;) — Q(N,).

We start with a special case, which is closely related to the previous two sections:

Proposition 9.3.1. It holds that
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Figure 9.6: Example for (Ny <P No) U (P <P Ny) with n = 4 (No < Ny is red and Py <P N
is blue).

Proof. The set (No<P Ny) U (Py<P Ny) inherits a line-structure from N, <P N, and
Py<® Ny (see Lemma and Lemma [9.2.2). This proposition claims that the up-
per convex hull of their union is the same as the union of the top points from all lines

(see also Figure[9.6).

“C*: This is always true.

“2%: By Proposition and Lemma [9.1.2} the set &/*(N, <> ) consists of points on
lines through the origin enclosing the angle

T 2

with the horizontal axis.

Furthermore, by Proposition and Lemma the set U* (P, <P Ny) consists of
points on lines through the origin enclosing the angles

y w2 —1/2 or T2+1 )
e o = — R 1=1,...,n
2 2n+1 22n+1

along with x + yo.

Consequently, the set U*(No<DNy) U U (Py<PNy) consists of triples
(xi +yi_1,2%:,X; +yi), i = 1,...,n, where one point from U*(Ny <P Ny) is enclosed by
two points from U* (P, <P Ny), as well as the points x, + y, and 2x, (the two rightmost
points in Figure [9.6). Using this structure, we will show the remaining inclusion.

Note that 2xq € U*((No <P No) U (Py > Np)) since it is the right-most point.

Next, the point xq +yj is contained in U*((No <P No) U (P, <P Np)) if and only if the path
P: 2x9 — X¢ + yo — X1 + yo takes a left turn. To see that this is the case, define

V=X + Yo — 2Xg = Yo — Xo

W =X + Yo — (X0 + Yo) = X1 — Xo.
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Then

ViWy = (YO - XO)l(Xl - X0)2

o) o) (o 3) )
(COS (gznlJr 1) N 1) sin (anz—l— 1)

VoW, = (YO - XO)Q(XI - XO)I

_ (sin <32n1+ 1) - sin(O)) <cos <g 2n2+ 1) - cos(O))
i (F7) (o (Garr) 1)

Thus, the path makes a left turn if and only if

T 1 1) s T 2 o 4 T 1 T 2 1
— — in|— in (= = —
S o1 Moo 1) T 2o w1 ) \ P\ 2o )

which is equivalent to

. T 1 ) T 2 T 1 . T 2 T 1
sin | — =sin | — cos | — —sin | — cos | —
22n+1 22n+1 22n+1 22n+1 22n+1
. T 2 . T 1
> sin [ — —sin | — .
22n+1 12n+1

The claim then follows from the fact that

o T 1 o4 T 2
sin | — sin | — .
22n+1 22n+1

Finally, we are left to show that the triples are contained in the upper convex hull. This
is the case if and only if the paths P, == wx; + wy;_1 — 2wx; = wx; + wy,; make a left

turn (see Figure[9.7).

Define

and, analogously,

v, = 2wx; — (WX; + wy;_1) = WX; — Wy;_1

wW; = wX; + wy; — 20X; = wy; — WX;.
Then

ViitWiz = (wxi - wyz’-1)1(w}’z‘ - wxi)?

9 ™2 m2i—1 (T2t +1 )
= w” |cos | = —cos | = sin [ = —sin [ =
22n+1 22n+1 22n+1 22n+1
d? s mdi—1Y\ . (7 1 mdi+1Y\ . (7 1
= —4w*sin | — sin [ = cos | — sin [ =
24n + 2 24n + 2 24n + 2 24n + 2
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and

VioW;1 = (in - WYi—1)2(WYi - wxi)l

= w? [sin ( = 2 sin ma—l cos matl —cos [ = 2
N 22n+1 22n+1 22n+1 22n+1
Aw? w41 —1 cin [T 1 i mdi+1 gin (7 1
= —4w*cos | = in|—= n|— n|—
24n + 2 24n + 2 24n + 2 24n+2 )"
which implies that
v; X w; = —4w? sin? T ! sin E4i_1 CcoS Z4i+1 —
‘ o 24n + 2 24n + 2 24n + 2
w4 —1 . T4+ 1
— cos | = sin [ =
24n + 2 24n + 2
A4 9 . of T 1 . T 2
LAY z r
s (24n+2)sm<24n+2>

and thus v; x w; > 0. This concludes the proof. O

Figure 9.7: Path P, .= wx; + wy,—1 + Bb — 2wx; — wx; + wy; B b (counter-clockwise,
green. Here with b = 0). If it makes a left turn, then 2wx; is contained in the upper
convex hull, given w > 0.

The following theorem generalizes Proposition for arbitrary w > 0, b > 0:
Theorem 9.3.2. Assume w,b > 0. Then

Mot
where
2sin? ( L=
u(i) = <2 2(2”“)) . (9.11)

: s 41
Sin (2 2(2n+1)>
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Proof. Proposition describes the special case where w = 1 and b = 0. The propo-
sition generalizes to any w > 0 for b = 0:

U ((wNo <D wNo) U (wNg <D why)) =U" ((wNo D wNo)) UU* ((wNo <D why)) . (9.12)
In this case, it is clear that u(i)w > b = 0forall i = 1,...,n and hence Equation (9.10)
holds. The interesting part is the influence of b > 0.

So assume b > 0. Then, by Equation (9.8), the set P, <» V; consists of w Ny <P w N, along
with wNy <P wP, shifted upwards by b. This means that, upon considering b > 0, the
term U ((wNo < wPy) B b) from Equation (9.12) will always be contained in ¢*(P; +
N1 ):

Furthermore
U (P & Ny) D {2uxo},

since 2wxy is the left-most point in P, U V;.

It remains to study which part of the upper convex hull of w N, <> wNj is also contained
in the upper convex hull of P, <» N;. Similar to the proof of Proposition we study
the conditions under which the path P, = wx; + wy;_1 Bb = 2wx; — wx; + wy,; BHb
makes a left turn (see Figure[9.7). By an Andrew-type argument, this is the case if and
only if 2wx; € P, <P Ny.

Define

v, = 2wx; — (wx; + wy;—1 Bb) = wx; —wy;_1 H —b
w; = wx; + wy; Bb— 2wx; = wy; —wx; Hb.

Then

Vit Wig = (wx; — wy;—1 B —b)1 (wy; — wx; B b),
o) (G (320) e 52)
22n+1 22n+1 22n+1 22n+1 w
-2 (G ) (g oo () s )
24n 4+ 2 24n 4 2 24n 4+ 2 24n 4 2

and

VoW = (wx; — wy,;—1 B —b)s(wy; — wx; Bb);
ol . (T 2t . (m2i—1 b T2+ 1 T 21
=w” [sin | = —sin | = ——||cos | = —cos | =
22n+1 22n+1 w 22n+1 22n+1
5 mdr—1\ . (7 1 bl —o mdr+1\ . (7 1
W COS — — w sin —
24n +2 24n + 2 24n +2 24n+2 /|’
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which implies that

v, X W; = —4w? sin® m 1 sin E4i_1 CoS z4i+1 —
' L 24n + 2 24n + 2 24n + 2
w4 —1 . |
—cos | = sin
24n + 2

§4n+2

s (L L (TALY (i
— S — S — S

S S 12 ) P\ 2 12 i

A0 1

§4n+2
2
== 4w? sin® T sin T —
24n + 2 24n + 2
o T 1 . w41 —1 L T4+ 1
— 2bwsin | — sin | — sin | —
24n + 2 24n + 2 24n+ 2
1 2
402 4w? sin? T n T —
24n + 2 24n + 2
T 1 T 8¢ T 2
—2b — 2 _— _—
1”m(mm+2)sm(2%m+m)“ﬁ( )

Il
W
S
[N}
=.
B
no
VR

22(4n + 2)
T~ 1 N . (7 2
J— S_ J—
2an+2) M\ 24 12

1

]

The previous theorem tells us how the upper convex hull looks if w > 0, b > 0. The
following following theorem handles the case w > 0, b < 0:

Theorem 9.3.3. Assume w > 0,b < 0. Then

U (P <D Ny) = U (wN D wNoBb) U{w(x, +yn)} UU{w(xi +y:)Bb, w(x; +yi1) Bb},
0<i<n—1:

[(3)w<b
where

(9.13)

: (9.14)
. us (2Z+1)
S (2 2(2n+1)>



Proof. The proof of this theorem is very similar to the proof of Theorem but
instead of upwards, the set wN, <P wP, is shifted downwards by b. Analogously, one
can see that

Z/[*(Pl %Nl) 2 U*OUN()Q}UJN()) U {ZUXO + wyo}

It remains to study which points in wNy <P wP, B b are also part of the upper convex
hull of P, ¢ N;.

We start with the observation that, for each i = 1,...,n — 1, the line [{ from 2wx; to
2wx; 11 and the line I from wx; + wy; to wx; 1 + wy; are parallel (Figure . Indeed,

this follows from the fact that wx; + wy; — (wx; 11 + wy;) = wX; — WX;1 1.

Thus, the points wx; + wy; H b and wx;;1 + wy,; H b lie in the upper convex hull of
Py € N; as long as [} lies above Ii. We employ an Andrew-type argument to derive a
condition under which that is guaranteed.

Let P;: 2wx; — wx; + wy; B b — wx;,1 + wy; B band define

Vv, = wX; +wy; Hb — 2wx; = wy; —wx; Hb

w; = wX;1 + wy; Bb — (wx; + wy; Bb) = wx; 11 — wx;.

The goal is figuring out when this path makes a left turn.

We compute

ViiWio = (w}’i — wx; H b)l(wxi—H - in)z

5 w241 T 2i . (T2 +1) (T 2
=w” |cos | = —cos | = sin | — —sin | =
22n+1 22n+1 2 2n+1 22n+1

o . (mdi+1Y . (7 1 m2(2i+1)\ . (7 2
= —4w*sin | = sin | — cos| =———= |sin| =
24n + 2 24n + 2 2 4dn+2 24n + 2

and

VioW;1 = (wyz — WX; H b)g(’U)XH_l — U)Xi)l

ol . (m2i+1 (T 2 b T 2142 T 2
=w” |sin| = —sm | — +—||cos | = —cos | =
22n+1 22n+1 w 22n+1 22n+1
5 T4+ 1 i T 1 ollows T 41+ 2 . T 2
= [2wcos | = sin [ = —Qwsin [ = sin [ =
24n + 2 24n + 2 24n + 2 24n + 2
9 mdi+1Y\ . (7 1 (T +2\ . (T 2
= —4w“cos [ = sin [ — sin [ = sin [ = —
24n + 2 24n + 2 24n + 2 24n + 2

9whsi mdi+ 2\ . T 2
— 1n — 1n —
S S 12 )M 212 )
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Figure 9.8: The two parallel lines from 2wx; to 2wx; 1 (I}, red) and wx; +wy; to wx; 1+
wy; (15, blue).

which implies that

v; X W; = —4w? sin T 1 sin T 2
' e 24n + 2 24n + 2
. T4+ 1 T 4i+ 2 T4+ 1 . T 4i+2
- |sin | — cos [ — —cos | = sin | — +
24n + 2 24n + 2 24n + 2 24n + 2
L+ s 7 41+ 2 . T 2
wsin [ — sin | —
24n + 2 24n + 2

9 . ofm 1 A o fmd4+2\ . (T 2
= 4w’ sin” [ = sin [ — + 2bwsin [ = sin [ — ,
24n + 2 24n + 2 24n+ 2 24n + 2

and thus v; x v; > 0 if and only if

This concludes the proof. O

Remark 9.3.4. Theorem provides an example for a non-empty set of paths
PB(P <P N1). In particular, if b is small enough, there will be two adjacent points
pi + n; = 2X;, piv1 + Niy1 = 2%;41 in the upper convex hull of P, € N; which clearly
satisfy p; — n; = p;y1 — n;+1. Consequently, the path (p; + n;, pit1 + ni41) is contained
in P(P, <P Ny). In particular, this shows that |[i/*(P; <D Ny) is a strict upper bound for
the number of affine regions defined by Q(P;) — Q(V;) (see Corollary [7.1.8).

Theorem and Theorem enable us to count the points in the upper convex
hull:

Lemma 9.3.5. For a fixed n, u(-,n) is positive and decreasing while (-, n) is negative and
increasing.

Theorem 9.3.6. The conditional random variable S |w > 0,b > 0 (with S defined as in
Equation (9.9)) takes the values

Slw>0,b>0€{2n+2+i|0<i<n} (9.15)
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with probability

1 — 2 tan™ (Ju(1)]), i=0
P(S=2n+2+i|w>0b>0)=14 2 (tan’! (Ju()|) — tan (ju(i + 1)])), 0<i<n
2 tan! (lu(n)|), i =n.
(9.16)

Proof. By Theorem U*(P, < Ny) consists of U* (wNy < w Py Bb) U {2wx,}, regard-
less of the exact value of w and b, together with a set depending on w and b. By

Proposition[9.2.1}
U (wNo <D wPy B )| =2n+1

(indeed, w just scales the points and b shifts them along the y-axis. In particular, the
total size of this upper convex hull is independent of the values of w > 0 and b > 0).
This shows Equation (9.15).

We now compute the conditional distribution. Let 1 < ¢ < n. It follows from Theo-

rem and Lemma[9.3.5]that

P(S>2n+2+i|w>0,b>0)=Pb<u(i)w|w>0,b>0)
P(b < u(i)w,w > 0,b > 0)
P(w>0,b>0)
=4P (0 < b < u(i)w)

and thus, with s .= 2n + 2 + 14,

P(S=s|w>0b>0)=PS>s|w>0b>0—-PS>s+1|w>00b>0)
=4(P0<b<u(i)w)—P0O<b<u(i+1,n)w))

4
= o (tan™ (Ju(d)]) — tan™ (ju(i +1)])
where in the last step we used Lemma Furthermore, for i = n, we compute

P(S=3n+2|w>0,b>0)=P(S>3n+2|w>0,b>0)
=4P(0 < b < u(n)w)

= = tanr” (u(n)])

and

P(S=2n+2|w>0,b>0=1-P(S>2n+2+1|w>0,b>0)
=1—4P(0 < b < u(1))

—1- %tan‘l (Ju(1)]) .
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Theorem 9.3.7. The random variable S } w > 0,b < 0 takes the values

Slw>0b<0e{n+2+2i[0<i<n} (9.17)
with probability
1 — 2tan™ (|1(0)]), i=0
P(S=n+2+2i|w>0b<0)=1q 2 (tan (Ji(i — 1)]) — tan’ (JI(4)])), 0<i<n
2 tan (|I(n — 1)), i=n.
(9.18)

Proof. It  follows from Theorem m that U*(P,<> N,) consists of
U (wNy <P wNy) U {wxo + wyy}, independent of the values of b and w, along with a
set of points depending on w and b. Since

U* (wNy D wNy)| =n + 1
by Proposition Equation (9.17) follows.

We now compute the conditional distribution. Let 0 < ¢ < n. It follows from Theo-
rem and Lemma that, for s .= n + 2 + 21,

P(S=s|w>0,b<0)=P(S>s|w>0b<0)—P(S>s+2|w>00b<0)
=4P(0 > b> (i — 1,n)w) — 4P(0 > b > [(i)w).

Furthermore,

P(S=3n+2|w>0,b<0)=P(S>3n+2]|w>0,b<0)

and
P(S=n+2|w>0b<0)=1-P(S>n+2+2]|w>0,b<0)
=1-4P(S>n+2+2]|w>0,b<0).
The claim then follows from Lemma[A.0.1] O

This concludes our study of the case w < 0. The next subsection deals with w < 0.
Case 2: w < 0
In this case, by Equations (9.1 and (9.2),

N1 = U}_PO

P1 = (w_N()BHb) UN1

and thus
Like before, when studying the case w > 0, we start by establishing the special case
b=0:
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Proposition 9.3.8. Assume w < 0. Then it holds that

Ll*(w_(Poél>P0) U w_(P(){%NO)) = L{*(w_(P0<1>PO)) UZ/{*(’LU_(PQ$N0))
Proof. Analogous to the proof of Proposition[9.3.1} O

The following theorem generalizes this result to arbitrary b > 0:

Theorem 9.3.9. Assume that w < 0and b > 0. Then

U(Pr <D Ny) = U (w™ No<bw™ Py Bb) U {20 ye} U J{2w 7y} (9.20)
0<i<n-—1
—l(n,))w™>b

Proof. Proposition explains the special case when b = 0. The case b > 0 arises
from the case b = 0 by shifting the points in w™ Ny <P w™ P, upward along the vertical
axis by b. Similarly to the proof of Theorem depending on the magnitude of b,
the point 2w™y; will also be contained in the upper convex hull. This is the case if and
only if the path P;: w™(x; +y;) Bb — 2w™y; = w™ (x;41 + y;) B b takes a left turn.

Define

vi=2wy; — (w (X +y;) Bb) =w (y; —x;) H—b
w, =w (X +y)Bb—2wTy, =w (%1 —y;) B

Then

ViWip=(w"y; —w x; B =b)1 (W™ X1 —w y; Bb),
9 T2+ 1 T 2 . T2+ 2 . T 2i+1 b
- [COS(§2n+1>_cos<§2n+1>}[sm(§2n+1) o (22n+1)+w_1
S ) B Core) C e B EEresd B
24n 4 2 24n 4+ 2 24n + 2 24n 4 2

and

VioWi1 = (W y; —w x; B =b)s(w x40 —w y; Bb),
ol . w2+ 1 ) T N b T 21+ 2 T2+ 1
=w~ |sin | = —gin | — ——||cos [ = —cos | —
22n+1 22n+1 w™ 22n+1 22n+1
5 Tdi+1\ . T 1 | T4t + 3 T 1
WS\ S o 240 + 2 WS G 240 + 2
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which implies

vi X w; = —dw ™ sin? <2 22n 1 ) ( (22 L;Zntrll)) (g%) -
(s (Sa3nry) + (S3nry))
1 (T2
Yo ) (5m) : |
3 \22e0+ )
fm> zsn(l <22(2?;7j§1))) cos (gm>
T 2
2220+ 1))

. T 1 s 1 (T 4+ 2
—4bw sin | =———— |cos | =—=——— |sin | =———— ],
22(2n + 1) 22(2n + 1) 22(2n 1 1)
and thus v;;w;y — v;ow;; > 0 if and only if
sin” <%2(2nl+1)> sin (%
1 T 4142
sin (2 2(2n+1)> cos (2 2(2n+1 ( 2rj+1 >
: s 1
25sin” (5 2(2n+1)>

= o w = —l(i)w".
s 1+
sin ( (2n+1))

b <

Finally, the remaining case b < 0:
Theorem 9.3.10. Assume that w < 0 and b < 0. Then
U(PL <D Ny) = U (w™ Py b w™ Po)U{w™ (xo+yo) Bb}U|_{w™ (xi+y:)Bb, w (x;+yi-1)}-

1<i<n
—u(n,t)w=<b

(9.21)

Proof. Proposition again explains the edge case when b = 0. The case b < 0 arises
from this edge case by shifting the points in wN, §» wP, downward along the vertical
axis by b.

We proceed analogously to the proof of Theorem Depending on the magnitude
of b, the points w™ (y,;—1 +x;) Bband w™ (y; +x;) b are contained in the upper convex
hull.
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Figure 9.9: Example for (P, <P Py) U (Py <P Ny) withn = 4 (PyU By is red and Py U Ny is
blue).

This is the case if and only if the path P: 2w~ y;_1 — w™ (x;+y;—1)Bb — w™ (x; +y;)Hb
makes a left turn.

Let

vi=w (X +yi) Bb— 2wy =w (% —yi1) B
w; = U}_(XZ' + yz) Hb— (w_(xi + yi_l) H b) = w_(yz — yi_l).

Then

ViiWip = (W x; —w y,—1 B ) (wy; — wyi—1)2

9 T 21 T2t —1 . T2+ 1 . T2 —1
=w cos | = —cos | = sin [ — —sin [ =
22n+1 22n+1 22n+1 22n+1
4 9 . w41 —1 . T 1 T 4 . T 2
= —4w™ " sin — cos | — sin | =
2 4n + 2 14n +2 24n + 2 24n + 2

and
VioWi = (w™x; — w”y;—1 Bb)o(wy; — wy; 1)
9 T 2 . T2t —1 T2+ 1 T2 —1
— [Sm(22n+1) <22n+1) w}{ <22n—|—1) COS(§2n+1)]
{Qw cos<ﬁ4z_1>' < )—i—} —2w~ sm<7T 4 > (Z 2 j
24n+ 2 24n+2 24n+ 2 24n+ 2
S S I I
24n + 2 24n + 2 24n+ 2 24n + 2
(T 4
2w bsin (§4n+2) (2 4n+2)
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which implies that

_2 . T 1 ) T 2
Vi Xw; = —4dw “sin| —— |sin| - ———— | -
22(2n+1) 22(2n+1)
o (mdi—1 T 4 mdi—1\ . (7 & n
<[ sin | = cos | — —cos | = sin | —
24n+ 2 24n + 2 24n + 2 24n 42
_ (T 4 . 2
+2bw sin | ——— |sin [ -—————
22(2n+1) 22(2n+1)
= 4w sin? Tt sin T2
B 2 2(2n +1) 22(2n+1)
2w s 41 A 2
n({-—— |sin| -————
s 22(2n+1) "\ 2200+ 1)
and thus v;;w;s — v;ow;; > 0 if and only if
a2 [ 1
2sin (5 2(2n+1)> N
: s 41 v
Si (5 2(n +1)>

This concludes the proof. O

b> — =—u(i)w .

Using Theorem and Theorem [9.3.10, we can count the points in U*(P, <P Ny),
given w < 0:

Theorem 9.3.11. The random variable S ‘ w < 0,b > 0 takes the values

Slw<0,b>0€{2n+2+i|0<i<n} (9.22)
with probability
1= 2 tan’ ([(0)]) , i=0
P(S=2n+2+i|w<0,b>0)=1q 2 (tan’ (JI(i — 1)|) — tan™ (JI(5)])), 0<i<n
2 tan™ (|I(n — 1)), i=n.
(9.23)

Proof. Goes analogously to the proof of Theorem (note that the index is shifted
down by one since adding just one point (¢ = 1), this corresponds to adding 2w~ yy).

O

Theorem 9.3.12. The random variable S ‘ w < 0,b < 0 takes the values
Slw<0,b<0e€{n+2+2i[0<i<n} (9.24)

with probability
— Ztan™ (Ju(1)]), i =
P(S=n+2+42i|w<0,b<0)=14 2 (tan! (Ju(d)|) — tan (ju(i + 1)])), 0<i<n
2 tan (u(n)|), i=n.

(9.25)
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Figure 9.10: Distribution P(S), given in Theorem [9.3.14} for n = 2,4, 8, 16.

Proof. Analogous to the proof of Theorem[9.3.7 O

The following is an interesting fact. We will not use it for the rest of our argument.

Corollary 9.3.13. For all 0 < i < n, it holds that

P(S=2n+4+2+iw >0,b>0)=P(S =n+2+2ijlw<0,b<0)
and

P(S=n+2+2ijw>00<0)=P(S=2n+2+iw<0,b>0).

Proof. Follows from Theorems|9.3.6}9.3.7,9.3.11/and 9.3.12[ (]

Bringing together all four conditional distributions of S allows writing down a closed-
form expression of the unconditional distribution. In order to simplify notation, we
introduce the following short-hand notations:

al == tan ' (]l]), au:=tan(Jul).
and
Aal; = tan™ (|I(7)]) — tan™ (JI(i + 1)|), Aaw; = tan™ (Ju(i)|) — tan™ (Ju(i + 1))

Using these definitions, the following theorem provides the distribution of S:
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Theorem 9.3.14. Let n > 2. Then

(1 — 2L (au(1) — al(0)), i=0
= <Aa[%_1 + Aau%) : 0 < i< neven
5 — 5 (au(l) +al(0) — Aalz y — Aaug), i =neven
1L [0 ) = n odd
S b2 ) = | 4 0u(D) + a0) i=no
% Aau;_, + Aal;_,,_1 + Aau% + Aa[%_1> , n <1< 2neven
= (Aat;_y + Aali_p 1), n <i< 2nodd
> (2au(n) + 2al(n — 1), i=2n
k07 0.%.
(9.26)
Proof. For any s € N,
P(S=s)=P(S=s|w>0b>0)Pw>0)Pb>0)+
+P(S =s|w>0,b<0)P(w > 0)P(b < 0)+
+P(S =s|w<0,b>0)P(w < 0)P(b> 0)+
+P(S =s|w<0,b<0)P(w < 0)P(b < 0)
1
:Z[P(S:s{w>0,b>0)+]P>(S:s|w>0,b<0)

+P(S =s|w<0,b>0)+P(S=s|w<0,b<0)].

The theorem then follows from Theorems [9.3.6 9.3.7, 9.3.11| and 9.3.12| by carefully
studying all cases.

The distribution P(S) is plotted in Figure The two main peaks correspond to
s =n+2and s = 2n+ 2. In particular, the distribution allows computing the expected
complexity of the upper convex hull, which is a big step towards understanding how
it behaves after one random layer. However, the resulting sum is messy and hard to
comprehend. In the next section we simplify this sum.

9.4 Implications

In this section, we study the implications of the previous section for the complexity
of the upper convex hull. In particular, we show that the probability of the additional
layer increasing the number of d-cells approaches 1/2 from above like 1/2 + O(n™?)
(Proposition [9.4.3). Furthermore, we show that the number of affine regions is ex-
pected to decrease (Corollary 9.4.14).

We start by providing the number of affine regions induced by the network
Q(Fy) — Q(No):

Proposition 9.4.1. The number of affine regions induced by the network Q(Fy) — Q(Ny) is
2n + 1. This is also the number of d-cells in T (Fy, No).
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Proof. By Theorem and Proposition the number of d-cells in 7 (Fy, Ny) is

One can quickly confirm that B(P, <P Ny) = 0. The proposition then follows from
Corollary O

by Proposition the probability P(1) of increasing the number of d-cells by ap-
pending the random ReLU layer is

P(1) = P(S > 2n +1). (9.27)

The following theorem provides a closed-form expression for this probability.

Theorem 9.4.2. Let n > 2. Then

=3+ 2 o (3] ) v (s [2D])- 020

Proof. By Theorems[9.3.6,[9.3.7,[0.3.11|and [9.3.12] the probability is given by

P(1) = P(w > 0,b > 0) + P(w < 0,b > 0)+
+P(w>0,b<0,S>2n+1)+Plw<0,b<0,5>2n+1)

1
:§+P(w>O,b<0,S>2n+1)+]P’(w<0,b<0,S>2n+1)

1
:§+IP’(S>2n+1,w>0,b<0)—|—]P’(S>2n+1,w<O,b<0)

:%+P(0>b>[([gw—1)w>+P<0>b>u((§Dw),

where in the last step we used an argument analogous to the proof of Theorem [9.3.7]
and Theorem [9.3.10] By Lemma this can be re-written as

rt)= 3+ 2 o (4([3] 1)) o (u (31))).

Define

s =2 (i (4 ([2] 1))+ (e [3DD)

to be the non-trivial contribution to the probability of increase. The following propo-
sition shows that d(n) vanishes like O(n~?) for large n.

Proposition 9.4.3. It holds that



Proof. It is known that

which implies

and ( >
2sin? (T -1
n 2202n+1) ) Ly
«(13]) - 11 On™)
SN 5 52nt1)
The observation that arctan(z) = O(z) as * — 0 then concludes the proof. O

The above argument shows that the probability of increasing the number of d-cells
decreases like O(n~?%) towards 1/2. The following considerations further deepen our
understanding of the complexity by computing its expectation.

We start with a number of helpful statements:
Lemma 9.4.4. For any m € N, it is true that
mz—l 1 B 1 2m—1 1 '
in (&2) 2 sin (42) '

iy Sl (%) k=1 2m

wn

Proof. By symmetry, sin (%) = sin <(2m7k)’7) forall k € {1,...,m — 1}, so that

2m 2m

=
=
Y
>
3
N—
[
(\]
=
=
~—
+
Z.
=
—~
|S
3
N—

o)

and thus

We furthermore need the harmonic numbers:

Definition 9.4.5 (Harmonic Number). Given n € N, the harmonic number H, is defined
as
=31
' il

The following is a well-known result, expressing the harmonic numbers integrals:
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Lemma 9.4.6. Given n € N, the harmonic number H,, satisfies

o, /1—30
11—z

Proof. The integrand can be written as a geometric series,

1—2a"

=14z+... +2" "
1—=x

Integration yields

]

This result allows us to express a sum of inverse sines using the harmonic numbers:

Proposition 9.4.7 (Outlined in [31]). For any m € Nand N > 1, it holds that

“ mk 2m 2m — a a
AT I 2k Onpoe——N
(m) ™ (w) ”; @yt "N Gy N

where

_ By2n(2k) (g)%

2k =~ 2k s

with the Bernoulli-numbers Bsy, the Dirichlet eta function n, and

—ONm — 9N,m(277(2N) - 1)
2n(2N)

C’N,m =

for two bounded constants 0 < oy, Onm < 1.

Proof. We elaborate on the proof outlined in [31], starting by claiming that

m—1 L

ik 2m smt—1
Z cse (E) = 7/ e 1)d8. (9.29)
k=1 9
Indeed, by the well-knowr{] representation

1
cse(x ——/ 5 s/ ds
™ s+ s
0

Zhttps:/ / functions.wolfram.com /ElementaryFunctions /Csc/introductions/Csc/05/
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forany 0 < z < 7, so that

m—1 o0 m—1
k 1 1
ZCSC (W ) —/ 5 smds
) 8 + 5 =
0 s—1
1 / i L
m sc+s
0
oo
1 / 5 — st/m
== ds.
w) (s2+s)(st/m—1)
0
After a change of variables s = 7™ with ds = —maxz ™" 'dz, this integral reads
1 R _ ol/m 1
_/ 5—8 gs =™ / x de
7 ) (s2+s)(sV/m™—1) =2 4 gy (2l — 1)
0

m/ 1 —gmt p
= x.
14+2m)(1 —x)

Next, a quick substitution z = ¢! confirms that

1 00
1 —gm ! 1 —¢m—1
dr = dt.
/(1+$m)(1—x) * /(1+tm)(1—t)
0 1
Equation (9.29) follows.

For the next step, we use the identity

-1 _ 1 s —1 Smfl

(s—1(sm+1) (s—1)(sm+1) sm+1

and Equation (9.29) to write

1 1
o k 2m s —1 sm1
csc| — | = — ds — ds
m T (S —1)(sm+1) sm+1
0

k=1

1

/ In2
ds —
s—1)( sm—l—l) m

[e=]

Then

s"—1 sm=1 s s™—1
s—1 s—1sm+1  (s—1)(sm+1)
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implies

1 1 1
k 2 m_1 m_1 g™ In2
E cse (Z2) =2 /8 ds—/s 7 s — 22 (9.30)
m T s—1 s—1 sm+1 m
k=1 0 0
/ l
2m sm—-1 s™ n?2
=— | H, — ds — — 31
s " /3—1 sm+18 m ©:31)

0
where H,, is the m-th harmonic number (see Lemma 9.4.6).

It remains to compute the integral

S
s—1 sm+1
0
To do so, we apply a change of variable s = e™//™. Then ds = —Le~"/™dt and, after
re-arranging terms, the integral can be re-written as

fl—et 1 t/m
I(m) = dt. 9.32
(m) / t 1+€t€t/m_1 ( )

0

It readily follows from [32, Theorem 3] that, for any z > 0 and N > 1, there exists a
On.m € (0,1), which might depend on m and N, such that

* x B2k 2k BQN N
er—1 2 +,; PO
Applying this observation to Equation (9.32)) implies that
i l—e' 1 25/m = By, Bon
I = 1 - -— 2k 9N
o / f 1te ( 3 2 i /) Oy (/)™ )
0 —
T 2In2—-1 "= B 1 B 1
—In(2)-2—=2 -~ o L .0 Hmm Ly
n(2> om T 2 (2k) m* 2(k) + O, N 2N 2(NV)
where
001 e
R e

Using identity [33, 3.411.8], this integral can be evaluated as

(k) =T(2k) (Z - % )
= T(2k) (2 i <_Z;,32k - 1)

— T(2k) (2n(2k) - 1),
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where 7(s) = (1 — 2'7%)((s) is the Dirichlet eta function (with ¢ the Riemann zeta
function). We can thus write

J(m):m(f) 221 ZB—L (20(28) = 1) + Oy 22Y L (onan) — 1),

2 2k m? 2N m2N
(9.33)

Now, by [34, Equation 9.11], there exists a o, € (0, 1), depending on m and N, such
that

N-1
1 By, 1 Boy 1
Hu=tamt 94 50 =) St ~ ONMGN v .39

where ~ is the Euler-Mascheroni constant (v ~ 0.577) .
Equation (9.33) and Equation (9.34) imply that

N
2m In2 Aoy aa2 N

H, —1 =In | — —_— ——— + Oyp—r—— 9.35

(m) n(ﬂ)+7+m+2 T Y (9.35)

with coefficients

_ By2n(2k) ( 2 )2’“

agp = —

2k
and constant
C . _UN,m — 6N7m(277(2N) — 1)
Nm —
’ 2n(2N)
The latter is derived from the equation
BQN 1 BQN 1 Bz N 1
oy N M(2N) — 1 ey = 2n(2N

Inserting Equation (9.35) into Equatlon I) concludes the proof O
And in the special case where N = 1:
Corollary 9.4.8. For any m € N, it holds that

m—1

k 2 2 2
e e e R 936
— m ™ s T 2m

This concludes our studies of sums of inverse sin’s for now.

The following corollary is another useful building block on our mission to understand
the expected complexity gain:

Corollary 9.4.9. For any m € N, it is true that

Z.than_l lu(@)] + ; tan™ [[(7)] ~ 12m+ 1) In (4(2m n 1)) + @t 1)7 +O(m™2).
(9.37)
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Proof. It follows from the well known facts tan! x ~ r and sinz ~ z as x — 0, that the
sum

m m—1
Zp =Y tan [u(@)| + Y tan |1(3)]
i=1 =0

behaves for m — oo like

Using Corollary the sum can be approximated as

4m+1

5 - 1 2(m+2) (2(4m+2)) . 2(477’;4— 2)7+O(m_1)

iy}
i=1 ( 4m—+2 ) T T

and thus

W 4(2m +1) n i
Z’”"N4(2m+1)1n( 5 >+4(2m+1)7+0(m )

Remark 9.4.10. Note that one could drop the O(m~?) in Equation (9.37) since

7

mr ™ (4(2m n 1)>+4(2m 1)

™ ™

mr ™ (4(2m n 1)>+4(2m +1

Y+O(m™?) ~ )fy.

However, we keep the non-leading terms for higher resolution (even though we
dropped resolution when approximating sinz ~ z and tan™'z ~ z in the proof of

Corollary 9.4.9).

Having developed the above machinery for sums of cotangents, we now turn our
attention to computing the expected number E[S] of points in the upper convex hull
of P1 @ Nl.

The following lemma provides a closed-form expression for the conditional expecta-
tions:
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Proposition 9.4.11. The following identities hold for the conditional expectations of S:

2 n
E[S|w>0,b>0]=2n+2+=> tan™ [u(i)]
m

=1

n—1

4
E[S 0,b<0] = 24+ =Y tant|I(i
[S|w>0,b<0]=n+ +7TZ: an™ |I(4)]

n—1

2
ElS|lw<0,b>0=2n+24+=Y tan|I(s
[S|w<0,b>0]=2n+ +W;an!<z)|

4 n
E b = 24+ — Y tan |u(4)].
[S|w<0,b<0]=n+ —l—ﬂ;an lu(4)]

(9.38)

(9.39)

(9.40)

(9.41)

Proof. We start with Equation (9.38). Writing S" .= S — (2n + 2), it follows from Theo-

rem [9.3.6) that
9 n—1
E[S" |w>0,b>0] ==
TN\=
9 n n—1
_ it -1 N it -1 . 1
- ;z an” |u(i)] Zz an |u(i + )\)
2 n
=) itan™ [u(i)| — Z(i — 1) tan™ [u(4)|
T
=1 1=2
2 n
== Ztan'l lu(i)| + tan™ |u(1)|)
7T
=2

2 n
=) tan™ Ju(i)|
71' =1

> i (tan Ju(d)| — tan [u(i + 1)]) + ntan™ [u(n)|

)

This shows Equation (9.38). Analogously, one can prove Equation (9.40), this time

using Theorem[9.3.11}
n—1
E[S" |w<0,b>0] ==
=1
2 n n—1
= D Citan™ [I(i — 1) = ) itan |I(i)|>
=1 =1
9 n—1 n—1
== | ) i+ 1) tan [1()] — ) itan™ [1(4))]
71' =0 i=1
2 n—1
== Z tan™ |[(4)] + tan™ |[(O)|)
=1

n—1
2
==Y tan™ [I(d
7 2 tan 1)
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Equations (9.39) and (9.41) follow analogously to Equation (9.38) and (9.40) from The-
orems[9.3.7land 9.3.12 O

Finally, the law of total expectation allows stitching together the conditional expecta-
tions to obtain the unconditional expectation of S:

Theorem 9.4.12. The expected number of points in the upper convex hull of P, €p Ny is given
by

3 3 A(2n +1) 3 B
E[S}~§n+2+8(2n+1) ln( - )+8(2n+1)7+0(n ). (9.42)

Proof. Following the law of total expectation, E[S] splits into a sum of conditional ex-
pectations,

B[] = 1(G +G).

where

G =E[S|w>0,b>0+E[S|w<0,b>0]
G =E[S|w>0,b<0]+E[S|w<0,b<0]

As a next step, we study (; and ¢, more closely. By Proposition 9.4.11, we can refor-
mulate

n n—1
2
G=4n+4+— ( E tan™ [u(i)| + g tan™ |[(z)|> .
T
i=1 1=0

Similarly, it holds that

n n—1
4
G=2n+4+— (Z tan” [u(i)| + » tan™ |[(@')|> :
i=1 1=0
so that 1
6 n n—
G4+ G =6n+8+ - (Ztan'l lu(i)] + Ztan‘l 1(i — 1)\) :
i=1 i=0

By Corollary this implies that

6 T 42n+1) T N
ClJFCQN&“FS“L%(4(2n+1)1n< - >+4(2n+1)7+0(" 2>>'

This concludes the proof. O

A natural question arising from Theorem [9.4.12] is the following: how does the ex-
pected marginal complexity

C':=E[S] - (2n+1),

which captures the gain in d-cells through the additional layer, behave for large n? The
answer is now a simple corollary:
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—— Empirical Mean
——=- Approx
s Sum

Figure 9.11: The expected marginal complexity CT as a function of n. Blue line is the
empirical mean, averaged over 1000 random initializations. Dashed line corresponds
to the leading terms approximation given in Corollary Green dotted line corre-
sponds to the exact sum derived from Theorem

Corollary 9.4.13. The expected marginal complexity behaves like

1 3 4(2n+1) 3 -
T —Z 2
C 2n+1+8(2n+1) 111( - )+8(2n+1)7+0(n ) (9.43)

In words, we can expect the number of d-cells to decrease linearly in n. This result
is confirmed in Figure which plots the empirical mean, the exact mean using

Theorem 9.3.14|as well as the approximation in Corollary [9.4.13

Corollary 9.4.13| says that the number of d-cells is expected to decrease under the ad-
ditional ReLU layer. However, by Corollary the d-cells can be finer than affine
regions. The following corollary establishes a similar result for the number of affine
regions:

Corollary 9.4.14. The number of affine regions is expected to decrease under the additional
random ReLU layer.

Proof. By Corollary S = |U*(P, <> Ny)| is an upper bound for the number of
affine regions defined by Q(P;) — Q(V;) (see also Remark[9.3.4). By Proposition
the number of affine regions, like the number of d-cells, defined by Q(F) — Q(Ny) is
also given by 2n + 1. O

What is the take-away from this result? In the beginning of this chapter, we conjec-
tured, inspired by the dual representation of Telgarsky’s network derived in Chapter(8}
that the network (P, N, | lives in the exponential complexity regime.

In particular, since U(Py <P Ny) = O(n) by Proposition this means that P, <P N,
can be written using log n narrow ReLU layers.

Sor a close approximation thereof, as it remains to show that Ny and P, can be placed on the sphere

by piecewise linear activation functions
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Corollary says that adding one random ReLU layer after these log n determinis-
tic layers is expected to decrease the number of affine regions. This confirms our claim
that the exponential complexity regime is unstable/sharp. The random weights tran-
sition the network to the second regime.
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Chapter 10

Heuristic Arguments in Dual Space

In this chapter, we study the volume hypothesis using two additional toy examples.
Compared to the problem of summing circles discussed in the previous chapter, the
problems here focus solely on understanding the complexity of the upper convex hull.
To do so, these problems are abstract and take place solely in dual space. In partic-
ular, the randomness over dual points does not arise from weights and biases but is
instead assumed to follow a known distribution; uniform in Section[10.T]and Gaussian
in Section

In Section we show that the probability of increasing the size of an upper convex
hull of size n by adding one point uniformly at random diminishes for large n. In
Section [10.2, we establish a similar result for two sets of i.i.d. Gaussian red and blue
random points and edges between them.

10.1 Large Upper Convex Hulls

In this section, we show (in a specific setup) that the upper convex hull, upon adding
a new point at random, grows more slowly if it is already largely occupied.

This is a simplification, since the real dynamics of a neural network are such that the
whole representation changes from layer to layer. Nevertheless, this approach offers
an interesting perspective on the dual representation and provides another heuristic
to think about the volume hypothesis: large convex hulls, corresponding to complex
networks, do not have a lot of space left to grow.

In our specific case, we define
Q={(w,y) eR*|0<zy <1},

to be the two-dimensional unit cube with lower left corner at the origin and &,, C S
to be a set of n + 1 equidistant points on the part of the sphere contained in the first

quadrant,
X, = {(COS (gi) 7sin (g£)> ‘Z < No, 0<1 < TL} .
n n
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L
(1,0)

Figure 10.1: Example drawing for n = 4. The blue shaded areas are the ], adding the
red areas gives the A7

Note that U/*(X,,) = X,,, i.e., that X, already contains all the vertices of its upper convex
hull. We are interested in the following question:

Upon sampling a point y ~ U(Q) uniformly at random from the cube, what
is the probability that y will increase the size of the upper convex hull? That
is, what is the probability that [./*(X, U {y})| > [U*(X,)]?

To answer this question, note that the size of the upper convex hull can only grow if y
falls into the set €2 defined as
Q= U w)
where
Wl =A'"n{r € R? ‘ lz||5 > 1}
with A? the simplex on points (cos (g%) , sin (%:7)) , (cos (g%) ,sin (g%)) and
(cos (g%) ,sin (g%)) (see Figure .

Since y is picked uniformly at random from (), it follows that the probability of y
increasing the size of the upper convex hull is given by

U (2%, U L) > () = 5 = VIO (10.1)

where V(Q2) and V(@) are the volume of €2 and (), respectively.

In the following, we will compute an upper bound for this probability, using the fact
that
QCUAT = A", (10.2)

Proposition 10.1.1. The volume of A™ is given by



Proof. The volume of the i’th triangle is given by
1 . 1 1 .
V(A?) = = { cos T2) —cos (22 i (sin [ Z1 1) sin [ 21
2 2n 2 n 2 n 2n
1 T\ . (mi+1 T\ . [Tt
=—(cos|=—|sin| = —cos | —— |sin | ——
2 2n 2 n 2n 2n
mi4+1\ . [7mi+1 mi+1Y\ . (71
—cos | = sin | — +cos|{ ——— |)sin| -—
2 n 2 n 2 n 2n
705 1 | . T2+ 1 . 1 . ™21 .
=1 |:Sln (§ " ) + sin (55) — sin (5%) —sin (0) —
. (m2(i+1) _ . (m2i+1 ER!
— sin (5 " ) —sin (0) + sin (5 - ) — sin (55)]
1, . [(m2i+1 . (T2 m2(i+1)
=—|2sin| = —sin| —— ) —sin|{ -—————
4 2 n 2n 2 n
1 . (m204+1 : i : 1+ 1
= — |2sin | = —sin|7— ) —sin (7 .
il () () o (50).

Consequently, the total area of all triangles is

n—

V(A" = ZV(A?) :}l ngin (g%: 1) _gsm <W%> —jZ:;sin <#Zl>] |

1
=0

We compute each sum separately using Lemma|[A.0.6
~ . (m2%+1\ A /m o om
sin (5 i ) :;sm <%—|—Ez>

i=0
s £)
B Sin(%) sm<2n+(n 1)2n

1

n—

Next,




Finally,

We conclude that
1 1 T
A" =>|2——— —2cot (—) |.
VA 4 ( sin (%) «© <2n>>
The claim then follows from a simple reformulation. O

The following theorem uses this formula for the volume V' (A") to upper bound the
probability of enlarging the upper convex hull, and shows that it vanishes for large n.

Theorem 10.1.2. The probability of y increasing the size of the upper convex hull is upper
bounded by
1 —cos(5-
P (X, Uy })] > (U (X)) < #
sSin (%)
Furthermore, this probability tends to zero for large n:

Tim P(U (X, U {y})] > U7 (2,)]) = 0.

Proof. By construction and Proposition|10.1.1

1 —cos (5~
P (X, Uy })] > (U (X)]) < V(A") = #
Sin (%)
This shows the first claim.
For the second claim, apply L'Hospital’s rule to conclude that

lim V(A") = lim 1-cos(5;)

n—00 n—oo  Sin (21)
n
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(a) Cloud of red and blue points (b) Upper convex hull

Figure 10.2: An example of red and blue points in R? with « = 7and 8 = 7. Their
upper convex hull can be thought of as a chain of red and blue nobs.

This theorem shows that the probability of enlarging the upper convex hull vanishes
as more points are already in the upper convex hull. As described in the introduc-
tion to this section, this result provides another heuristic to think about the volume
hypothesis. In the setting of neural networks, it reads that there are less ways to grow
the complexity of already complex networks than that of simple ones.

10.2 Gaussian Dual Points

In this section, we provide further abstract considerations to better understand large
upper convex hulls, this time in relation to decision boundary complexity in the sense
of Proposition[6.2.2] In particular, given two sets R, B C R?, we are interested in edges
inside U (R U B), which contain points from both R and B.

We start with some basic definitions. Let R, B C R? be two non-empty sets containing
i.i.d. multivariate uncorrelated Gaussian random variables, with size |R| = «, |B| =
and n := a + . The random variables belonging to R are called red points, while those
belonging to B are called blue points.

The set containing all points is called X := R U B. Enumerate its entries X =
{P1,..., P}, where each P, S /(0 1).

We call an edge in C(X') good if it contains both a red and a blue point. In accordance
with Proposition we are interested in counting the good edges in U/ (X).

To do so, one first needs to understand the probability that an edge (F;, P;) is contained
in just the convex hull of X. Define the corresponding event

E;; = edge (P;, P;) is contained in C(X').

The following proposition provides the probability for this event.
Proposition 10.2.1 (Boundary Edges [35| Satz 4]). The probability that an edge (P, P;) is
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in contained in the convex hull C(X') is given by

S

/ (®(p)" 2+ (1—D(p)" ) e dp (10.3)

where

p
1 u?
For large n, this probability satisfies

4+/2mlogn

n2

Proof. We start by showing the non-asymptotic identity. Since the points in X arei.i.d.,

it suffices to compute P(E, = 1).

Let L be the line going through P, and P, and write S; and S, for the two closed half-
spaces induced by L. Then F;; = 1 if and only all the other points lie either in S or \S;.
Defining

A ={P, € S;Vk > 3or P, € SoVk > 3}

allows writing
P(E1; =1) =P(A) (10.4)

= / P(A| Py = p1, P2 = p2)pp, (p2)pp, (p1)dp1dps, (10.5)

where pp, and pp, are the densities of P, and P, (both Gaussian by assumption).

[

Figure 10.3: Explanation of line coordinates for a line [ (inspired by [36, Figure 4.1]).
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Since the P, are assumed to be i.i.d.,

P(A)

=P(Ps e S1)" 2 +P(Ps & 51)"°
—P(Pse )" 2+ (1—P(PseS)" 2.

Assume now that P, = p; € R?, P, = p, € R? are realized, and write [ for the line
connecting p; and p,. Similarly, write s4, s, for half-spaces induced by I. Analogously
to the last computation, one can show that

P(A|Pi=p1,Pa=ps) =P(Py€5)" 2+ (1 -P(Py € 5))" >, (10.6)

In order to study the integral resulting from inserting Equation (10.6) into the integral
in Equation (10.5), we introduce line coordinates [36] to express points on /. In these
coordinates, any point x € [ on the line can be written as

_ [cosp —siny
r=Pp (singp) +t(cosgo,)

where p is the the shortest distance from [ to the origin, ¢ is the distance from z to the
intersection of [ with the line determined by the shortest distance to the origin, and ¢
is the angle between the positive first axis and r (see Figure[10.3). A simple calculation
shows that

o2 = p? + £ (10.7)

Furthermore, by [36, Equation (4.2)], the volume form translates like
dpldpg = dpd(ﬂdtldtg‘tl — tg’, (108)

where (p, ¢t;) are the line-coordinates for p; on [ for both 1 = 1, 2.

We come back to computing P(P; € s;), now using line coordinates. Without loss
of generality, assume that the half-space s; realized by ! does not contain the origin.
Then, by the isotropy of the Gaussian distribution, we may rotate the line / around the
origin until it is parallel to the first axis. In this case,

P(Pg - 81) = P((P3)2 > p) (109)
+o0o
_ 1 / / e~ 2" dudy (10.10)
2
R p
+0o0
L / 5 (10.11)
= — e 2 .
VT Y
P
=1—-9(P). (10.12)

Finally, using Equation (10.7)), we deduce that

1 el 1 247
%6—”7 _ %6—” ; (10.13)
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forbothi =1, 2.
Inserting Equations (10.6)), (10.8), (10.12) and (10.13) into Equation (10.5) gives

E;;) @ /‘ /]/ 1—@(»'”Hm-¢ﬂaﬁ—iﬁdhﬁﬂ@
/// +(1=2(p)" %) |t — tale™

Next we claim that

dtg dp

/ |t1 — t2|6 2 dtldtQ = 4\/_ (1014)

which would show Equation (10.3) and conclude the proof of the first claim of the
Proposition. Indeed, define the transformatlon

o= (")

Simple calculations reveal that

ﬂ+@_u+v
dtldtg = dudv
tl — tg = \/éu

t2 442 w2 »2
//|t1 — tyle” "2 dtydty = ﬁ/du\u!es /alve2

= V2272
— 4T

and therefore

This shows the first claim.

For the asymptotic behavior, see the second part of the proof of [35, Satz 4]. O

With the probability that any specific edge is in the boundary of the convex hull at
hand, the more specific case concerning the upper convex hull follows readily. Define
the corresponding event

U;; = edge (P;, ;) is contained in U (X').

Then the total number of good edges is given by

P,eR,
Pj eB
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The symmetry of the problem implies that the probability of any specific edge being
in the upper convex hull is

Lo, = 1),

B(Ure = 1) = P(U; = 1) = 5

Putting these results together, the following theorem provides the expected number of
good edges:

Theorem 10.2.2. The expected number of edges in X = R U B containing points from both

R and B satisfies
a(n —a) 44/2mlogn

2 n?

E[U] ~ n — 0o. (10.15)

Proof. Clearly

B[] = Y EU,] = 5 3 B(E, = 1)

PeR, PeR,

Pj eB Pj eB
The claim then follows from Proposition [10.2.1 O

For the rest of section, we discuss the implication of Theorem (10.2.2
Given a fixed number of points, the expected number of good edges is maximized for
a = n/2, in which case

V2mlogn

2
In particular, the marginal gain diminishes for large n like

E[U] ~

1
—/1 = )
dn s 2nlogn

While this result is not as strong as the one in Corollary [9.4.13|(which derives negative
marginal complexity, although in a completely different setting), this shows that the
marginal gain obtained by including one more point goes to zero.

This concludes our discussion of the first extreme case. In the second extreme case,
Equation (10.15)) is minimal for « = 1 or « = n — 1, and

2y/2ml
E[U] ~ 2V 08T
n
In particular, the marginal gain obtained by adding one point is negative in this case.

Interpolating between these two cases shows that, for any ratio of red and blue points,
the marginal gain in the expected number of good edges transitions from positive but
diminishing to negative.
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Chapter 11

Conclusion

The first part of this thesis summarizes and elaborates on existing work on the dual
representation of fully connected feedforward ReLU networks. It provides two equiv-
alent perspectives to think about this representation, one based on tropical affine and
the other on tropical geometry.

Using the dual representation, we fill gaps in existing arguments to rigorously derive
duality results which translate complexity measures to dual space. In particular, the
number of affine regions defined by a network N’ = Q(P) — Q(N): R? — R corre-
sponds to the number of vertices in the upper convex hull of P < N, and the number
of boundary pieces of a binary classification network equals the number of edges in
U(P U N) containing points from both P and .

In the second part of this work, we use the previously derived duality results to pro-
vide evidence for the volume hypothesis. This hypothesis was formulated by Chiang
et al. [6] to explain why overparameterized models trained using a Guess & Check
algorithm generalize well, despite not being implicitly regularized by first order op-
timization techniques. Chiang et al. attribute this observation solely to the topology
of the loss landscape, arguing that well generalizing minima have a larger volume in
parameter space (i.e., are more flat). Throughout this work, we use simplicity as a
proxy for generalization capabilities. Crucially, we present a novel way to think about
generalization capabilities of deep ReLU network using affine geometry.

In different low-dimensional settings, we provide evidence for the volume hypothesis
by showing the existence of a simplicity bias: exponentially complex networks are
unstable, as small changes to the network quickly lead to sub-exponential complexity.

To better understand the dual representation, we derive it for Telgarsky’s sawtooth
function in Chapter 8l Telgarsky achieves a number of affine regions which is expo-
nential in the depth of the network, close to the theoretical maximum. We show, by
randomizing the last layers of the sawtooth network, that his maximum is unstable,
concluding that the corresponding minimum in the loss-landscape is sharp. In par-
ticular, exponential complexity seems to require a careful choice of weights, which is
again evidence for the volume hypothesis.
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In Chapter [0} we replace numerical simulations with mathematical analysis, studying
how the complexity of a deterministic network, inspired by Telgarsky’s network and
conjectured to have exponential complexity, changes when appending a ReLU layer
with Gaussian weight and bias. This approach shows that the expected marginal gain,
which is the difference in the number of affine regions between the larger and smaller
networks, decreases as the size of the deterministic network increases. This observa-
tion further supports the volume hypothesis, demonstrating that the number of affine
regions is less stable the more complex the network is.

Finally, these results are illustrated in two additional toy settings. Formulated purely
in dual space, these problems are simplified heuristics, and assume the dual points
follow a known distribution, such as a Gaussian.

Future Work

We see two main tracks for future work. The first should deepen the understanding
of the dual representation of ReLU networks. The second should further explore the
volume hypothesis.

On the first track, Conjecture states that, for a random network Q(P) — Q(N),
the d-cells are almost surely the affine regions. A proof of this conjecture would allow
working with affine regions, not just activation regions or other refinements like is
often done in existing literature [14]. Further studies of the graph-structure inducing
U*(P<p N)/ ~ could allow approaching the problem from the perspective of graph
theory.

We would also be interested in better understanding how sensitive the dual represen-
tation is to small changes in the networks weights and biases. Potential results could
involve bounds on the displacement of points in P and N given a small change in the
weights in biases, or they could guide our understanding of how the upper convex
hull reacts to to small changes in the network.

As a final remark on the first track for future work, another interesting topic is the
size of the upper convex hulls of P and N. While these two sets typically grow expo-
nentially in depth, it is only &/*(P) and ¢*(N) that matter. Conjecture predicts
that usually [U/*(P)| < |P|, |[U*(N) < |N|. Better understanding the size of the upper
convex hulls would also facilitate our understanding of the volume hypothesis.

This brings us to the second track. While we have gathered evidence for, and provided
a framework to think about, the volume hypothesis, we still lack a general theorem
which provides e.g. bounds for the distribution of the number of affine regions, given
a fixed architecture. For future work, it would be interesting to derive more general
results which rigorously establish the volume hypothesis.
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Appendix A

Helping Lemmas

This appendix contains a number of helpful lemmas.

Lemma A.0.1. Let X ~ N(0,02) and Y ~ N(0,07) be independent Gaussian random
variables. Then

T Oy

]P’(OngY):]P’(OzXzY):%arctan(ﬂ>.

Proof. Note that (X,Y) is a multivariate Gaussian with density

1 (2
pxy) (T, y) = oo C (20”2: 2[’%)
z0y

Apply a change of variables like © = v/2ro, cos, y = v/2rc, sin §, which has Jacobian
|J| = 2ro,0, and
y>z >0 < 2§tan@.
Ty

We can thus compute

1 22, 2
P(0< X <Y) = e (2"3+2"5)da:dy
2mo,0y
(z,y)ER?
0<z<y

71’/2 o0

1
= - / al@/dre’”2
7
1 1 o 1 Oy
= - — —arctan (| — | = —arctan | — |,
4 27 Oy 2w Oy

where in the last step we used the identity arctan(1) = Z — arctan(z). O

The following three Lemmas contain well known trigonometric identities:

128



Lemma A.0.2. Given two angles o, B € R, the following identities hold:

sina + sin = 2sin (a—;—ﬁ) coS (Q;B)

cos a + cos f = 2 cos (a—;—ﬂ) cos (Oé_ﬁ) :

2

Lemma A.0.3. Given two angles a, f € R, the following identities hold:

cosa — cos f = —2sin (O‘Qﬂ) sin (Ozgﬁ)
sina — sin f = 2 cos <a2ﬁ) sin (a;ﬁ) .

Lemma A.0.4. Given two angles o, B € R, the following identity holds:

sin(a — ) = sinacos f — cos asin 3.
Lemma A.0.5. Given two angles o, B € R, the following identity holds:
sin(a) cos(B) = % [sin(a + ) + sin(a — )]

Lemma A.0.6 ([37, Theorem 1]). For any a,d € R, the following is true:

d

Zs1na+k‘ d) = Sl:fn(g)) sin(a—{—(n—l)g).
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